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Abstract. In this study, the first order of accuracy difference scheme for approximate solution of source identification elliptic
problem with integral and second kind boundary conditions is considered. Stability and coercive stability estimates for solution of
the difference scheme are described. Moreover, test example with computation results is given.
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INTRODUCTION

The theory of inverse problems for differential, differential-functional and difference equations is intensively devel-
oped scientific area of modeling various real life processing. The theory and methods of solving inverse problems to
identify the unknown parameters of equation have been comprehensively studied by several researchers (see [1–21]
and references therein).

It is well known that in studying direct problems, the solution of known differential equation or differential
scheme is obtained by using the initial and boundary conditions or their corresponding approximations, while in
the inverse problems, part of equation or coefficients are also unknowns. To determine the governing equation it is
required to satisfy some additional conditions in comparison with the corresponding direct problem. In paper [20], the
authors gave review results on approximation of inverse problems for different types of partial differential equations
in functional spaces and presented general statements.

In work [5], the author studied inverse problem for an elliptic differential equation with Neumann conditions and
established stability and coercive stability estimates for the solution of inverse problem. The first and second order
of accuracy stable difference schemes were presented. Papers [6, 7] are devoted to getting various estimates for the
solution of source identification problem and well-posedness of difference schemes for elliptic problem with Neu-
mann type overdetermination. In study [10], stability estimates for solutions of Neumann-type elliptic overdetermined
multidimensional differential problems with integral condition were established.

In this study, we propose the first order of accuracy difference scheme for approximate solution of source identi-
fication elliptic problem with integral and second kind boundary conditions. Stability and coercive stability estimates
for solution of difference problem are described. By using MATLAB program, test example with computation results
is given.

MAIN RESULTS

Difference Scheme and Stability Estimates

Let Ω = (0, L)n be open cube in the n-dimensional vector space Rn , Ω = Ω ∪ ∂Ω and

a1(x), ..., an(x), ϕ(x), ψ(x), ξ(x), (x ∈ Ω), f (t, x) (x ∈ Ω, t ∈ (0,T ) )
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be given sufficiently smooth functions. In addition, as(x) ≥ δ > 0, s = 1, ..., n,∀ x ∈ Ω.

InΩ×[0,T ], we consider the following identification multidimensional elliptic problem with integral and second
kind boundary conditions:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−vtt(x, t) − n∑
r=1

(ar(x)vxr (x, t))xr + σv(x, t) = f (x, t) + p(x), x ∈ Ω, t ∈ (0,T ),

v (x, 0) = ϕ (x) , v (x,T ) =
T∫

0

μ (λ) v (λ, x) dλ + ζ(x), v (γ, x) = η(x), x ∈ Ω (0 < γ < T ),

∂

∂
−→n v(x, t) = 0, x ∈ S = ∂Ω, t ∈ [0,T ].

(1)

We denote

Ω̃h = {xm = (h1m1, · · · , hnmn); m = (m1, · · · ,mn),mr = 0, · · · ,Nr, hrNr = 1, r = 1, · · · , n},

Ωh = Ω̃h ∩Ω, S h = Ω̃h ∩ ∂Ω.
Let Ax

h be the operator Ax
huh(x) = −∑n

r=1

(
ar(x)uh

xr
(x)

)
xr , jr
+ σuh(x) acting in the space of corresponding grid

functions uh(x) such that uh(x) = 0 on x ∈ S h. To formulate stability results, we denote by

L2h = L2(Ω̃h) and W2
2h = W2

2 (Ω̃h) functional spaces of the grid functions ρh(x) = {ρ(h1m1, · · · , hnmn)} defined on Ω̃h
and equipped with following norms, respectively

] ‖ρ‖L2h
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
∑
x∈Ω̃h

|ρh(x)|2h1 · · · hn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
1/2

,

∥∥∥ρh
∥∥∥

W2
2h
=

∥∥∥ρh
∥∥∥

L2h
+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
∑
x∈Ω̃h

n∑
s=1

∣∣∣(ρh(x))xs xs,ns

∣∣∣2 h1 · · · hn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
1/2

.

By using notation Ax
h, problem (1) is replaced by the the first order of accuracy difference scheme

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−τ−2

[
vh

k+1(x) − 2vh
k(x) + vh

k−1(x)
]
+ Ax

hvh
k(x) = ph(x) + f h

k (x), 1 ≤ k ≤ N − 1, x ∈ Ωh,

vh
N(x) =

N−1∑
i=0

τρ(ti)vh
i (x) + ηh(x), vh

0(x) = ϕh(x), vh
l (x) = ζh(x) , x ∈ Ω̃h.

(2)

Theorem 1. For the solution of difference scheme (2), the stability estimate

∥∥∥∥{vh
k

}N−1

1

∥∥∥∥Cτ(L2h)
≤ M(δ, μ)

[∥∥∥ϕh
∥∥∥

L2h
+

∥∥∥ζh
∥∥∥

L2h
+

∥∥∥ ηh
∥∥∥

L2h
+

∥∥∥∥{ f h
k

}N−1

1

∥∥∥∥Cτ(L2h)

]
,

is valid, where M(δ, μ) is independent of τ, ϕh, ζh, ηh and
{
f h
k

}N−1

1
.

Theorem 2. Solution of difference scheme (2) satisfies the following coercive stability estimate:

∥∥∥∥{τ−1(vh
k − vh

k−1
)
}N−1

1

∥∥∥∥Cα
1
(L2h)

≤ M(δ, μ, α)

[∥∥∥ϕh
∥∥∥

W2
2h
+

∥∥∥ζh
∥∥∥

W2
2h
+

∥∥∥ ηh
∥∥∥

W2
2h
+ 1
α(1−α)

∥∥∥∥{ f h
k

}N−1

1

∥∥∥∥Cα
1
(W2

2h)

]
,

where M(δ, μ, α) is independent of τ,
{
f h
k

}N−1

1
, ϕh, ζh, ηh.
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Numerical Test Example
Now, we will layout numerical results for 2D source identifying elliptic problem with integral condition. Presented
results are carried out by using MATLAB. In [0, 1] × [0, 1], we consider the following source identification problem
for 2D elliptic partial differential equation with integral and second kind boundary conditions:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−vtt(t, x) − (1 + x2)vxx(t, x) − 2xvx(t, x) + v(t, x) = f (t, x) + p(x), 0 < x < 1, 0 < t < 1,

v(0, x) = ϕ(x), v(0.3, x) = ζ(x), v(1, x) =

1∫
0

e−λv(λ, x)dλ + η(x), 0 ≤ x ≤ 1,

vx(t, 0) = 0, vx(t, 1) = 0, 0 ≤ t ≤ 1.

(3)

Here,

f (t, x) = π2(1 + x2)e−t cos(πx) + 2xπe−t sin(πx) , ϕ(x) = cos(πx),

η(x) =

(
−1

2
+

e−2

2
+ 2e−1

)
cos(πx), ζ(x) =

(
e−0.3 + 1

)
cos(πx).

Let
Nτ = 1, tk = kτ, k = 0, ...,N,Mh = 1, xn = nh, n = 0, ...M, l = [0.3τ] , ω0 = 0.3τ − l,
ϕn = ϕ (xn) , ψn = ψ (xn) , ζn = ζ (xn) ; f k

n = f (tk, xn), k = 0, ...,N, n = 0, ...M.

Applying difference scheme (2), we get the first order of accuracy difference scheme for approximation of prob-
lem (3) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1

τ2

(
vk+1

n − 2vk
n + vk−1

n

)
−

(
1 + x2

n

)
h2

(
vk

n+1 − 2vk
n + vk

n−1

)
− 1

2h

(
vk

n+1 − vk
n−1

)
+ vk

n = f (tk, xn) + pn, n = 1, ...M − 1, k = 1, ...N − 1,

vk
0 = 0, vk

M = 0, k = 0, ...,N,

v0
n = ϕn, vl

n = ζn, v
N
n −

N−1∑
j=0

τe−t j v j
n = ηn, n = 0, ...M.

(4)

Firstly, we find solution of the following difference scheme

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

τ2

(
uk+1

n − 2uk
n + uk−1

n

)
+

(
1 + x2

n

)
h2

(
uk

n+1 − 2uk
n + uk

n−1

)
+

xn

h

(
uk

n+1 − uk
n−1

)
− uk

n = − f (tk, xn), n = 1,M − 1, k = 1,N − 1,

uk
0 = 0, uk

M = 0, k = 0, · · · ,N,
u0

n − ul
n = ϕn − ζn, uN

n − μu0
n −

N−1∑
j=0

τe−t j u j
n = −μϕn + ηn, n = 0,M.

(5)

Secondly, we calculate pn. It is defined by

pn = −
[
(ζn+1 − ul

n+1
) − 2(ζn − ul

n) + (ζn−1 − ul
n−1

)
]

(1 + x2
n)

h2

− xn(ζn+1 − ul
n+1
− ζn−1 + ul

n−1
)

2h
+ (ζn − ul

n), n = 1,M − 1.

(6)

Difference problem (5) can be rewritten in the matrix form

Anun+1 + Bnun +Cnun−1 = Ig(n), n = 1,M − 1,

u0 = u1, uM = uM−1.
(7)
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Here, g(n) is an (N + 1) × 1 column matrix, I is an (N + 1) × (N + 1) identity matrix, us is the (N + 1) × 1 matrix

us =
[

u0
s u1

s . . . uN−1
s uN

s

]t
, s = n − 1, n, n + 1, and An, Bn,Cn are square matrices,

An = diag(0, an, an, . . . , an, 0),Cn = diag(0, cn, cn, . . . , cn, 0),

an =

(
1 + x2

n

)
h2

+
xn

2h
, cn =

(
1 + x2

n

)
h2

− xn

2h
, q = −

2
(
1 + x2

n

)
h2

− 2

τ2
− 1, r =

1

τ2
, μ = 1 −

N−1∑
i=0

e−tiτ,

g(n)
k = − f (xn, tk), k = 1,N − 1, n = 1,M − 1, g0

n = ϕn − ζn, gN
n = −μϕn + ηn, n = 1, ...,M − 1,

bi,i = q, bi−1,i = r, bi,i−1 = r, i = 2, ...,N, b1,1 = 1, b1,l+1 = −1, bN+1,N+1 = 1,
bN+1,N = −τe−tN−1 , bN+1,1 = −μ − e−t0τ, bN+1, j = −τe−t j , j = 2, ...,N − 1,
bi, j = 0, f or other i and j.

We will apply modified Gauss elimination method to calculate numerical solution of (7) and seek a solution by the
following form

un = αn+1un+1 + βn+1, n = M − 1, ..., 1, 0, (8)

where αn (1 ≤ n ≤ M − 1) are square matrices and βn (1 ≤ n ≤ M − 1) are column vectors, calculated as,

αn+1 = −(Bn +Cnαn)−1An, βn+1 = (Bn +Cnαn)−1(RFn −Cnβn), n = 1, 2, ...,M − 1, (9)

α1 is an identity matrix and β1 column vector with (N + 1) zero elements,

uM = uM−1 = (AM + BM +CMαM−1)−1 (FM −CMβM−1) .

Finally, in the third stage, we define
{
uk

n

}
by

vk
n = uk

n + ζn − ul
n. (10)

Errors are presented in Tables I,II,III in case (N,M) = (10, 10), (N,M) = (20, 20), (N,M) = (40, 40),
(N,M) = (80, 80) and (N,M) = (160, 160), (N,M) = (320, 320), correspondingly.

TABLE 1. Errors for u
DS/(N,M) (10,10) (20,20) (40,40) (80,80) (160,160) (320,320)

(5) 0.3873 0.1853 0.0906 0.0448 0.0223 0.0111

TABLE 2. Errors for v
DS/(N,M) (10,10) (20,20) (40,40) (80,80) (160,160) (320,320)

(4) 0.2349 0.1243 0.0639 0.0324 0.0163 0.0082

TABLE 3. Errors for p

DS/(N,M) (10,10) (20,20) (40,40) (80,80) (160,160) (320,320)

(4) 0.0745 0.0340 0.0163 0.0080 0.0039 0.0019

CONCLUSION

In this work, the first order of accuracy difference scheme for approximate solution of source identification elliptic
problem with integral and second kind boundary conditions is discussed. Stability and coercive stability estimates for
solution of difference scheme are described. Finally, test example with computation results is given.
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