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Abstract. Well-posedness of the inverse problem for the elliptic differential equa-
tion with Dirichlet condition is investigated. A finite difference method for the
approximate solution of the inverse problem is applied. Stability and coercive sta-
bility estimates for the solution of the first and second order of accuracy difference
schemes are obtained. In applications, the inverse problem for the multidimensional
elliptic equation is studied. The theoretical statements are supported by the numer-

ical example in a two dimensional case of elliptic equation.
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1 Introduction
We consider the inverse problem of finding a function v and a element p for the elliptic equation

—ug(t) + Au(t) = f(t) + p,0 <t < T, 1)
w(0) =@, uw(T) =, u(N) =&0< A< T

in an arbitrary Hilbert space H with the self-adjoint positive definite operator A. Here, @, 1,
and & are given elements of H, A is known number.

It is clear that for finding a solution w(t) of problem (1.1) it is useful to apply the substitution
ult) = o(t) + A”p, (1.2)
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where v(t) is the solution of the following nonlocal boundary value problem

—vge(t) + Av(t) = f(1),0 <t < T,

(1.3)
v(0) —v(A) =9 =& v(T) —v(A) =9 =&,
and p is the unknown element defined by formulas
p=Ap— Av(0) or p= Ay — Av(T). (1.4)

So, we consider the algorithm which includes three stages for solving problem (1.1). In the first

stage, we consider nonlocal boundary value problem (1.3) and we will obtain v(t).

In the second stage, we will put ¢t = 0 or ¢t = T, and find v(0) or v(T"). Then, using (1.4),
we will obtain p. In the third stage, we will use formula (1.2) for obtaining the solution u(t) of
problem (1.1). Moreover, we have one more possibility. Actually, we can obtain u(¢) by formula

u(t) = v(t) + w(t), where w(t) is the solution of the boundary value problem

—wy(t) + Aw(t) =p,0 <t < T,
(1) t)=p (1.5)

w(0) =& —v(A), w(T) =& —v(A).

Inverse problems play an important role on mathematical modeling of real processes (see,
for example [1-3] and the references therein). Well-posedness of inverse problems for partial
differential equations have been studied extensively by many researchers (see, e.g. [4-16]). Var-
ious inverse problems for elliptic type equations can be reduced to the nonlocal boundary-value
problems. Methods of the solution of nonlocal boundary values problems of various differential
and difference equations of elliptic type have been investigated extensively by many researchers

(see [17-26] and the references therein).

In [5], existence and uniqueness theorems for problem (1.1) in a Banach space were presented.
However, stability estimates for solution of (1.1) were not established. In the present paper,
we establish stability and coercive stability estimates for solution of inverse problem (1.1).
Moreover, the first and second order of accuracy difference schemes for the approximate solution
of problem (1.1) are presented. Stability and coercive stability estimates for the solution of these

difference schemes are established. In applications, the inverse problem for the multidimensional
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elliptic equation with Dirichlet condition

—up(t, @) éw(m)um)% = [(t,2) + (@),

x= (21, ,x,) €Q, 0<t<T,

u(O,x) = @(I)vu(Tv x) = ¢(I)’U(A7x) = §(I)7I €,

u(t,z) =0, z€ 5, 0<t<T

is studied. Here, a,(z) (z € Q), p(x),¥(x),&(z) (x € Q), and f(t,z) (t € (0,T), z € Q) are
given smooth functions and a,(z) > a >0 (z € Q), and Q = (0,¢) x --- x (0, ) is the open cube
in the n-dimensional Euclidean space with boundary S, Q@ = QU S.

In [16] inverse problem for the multidimensional elliptic equation with Neumann condition
is investigated. In the present work, the first and second order of accuracy in ¢t and second
order of accuracy in space variables for the approximate solution of problem (1.6) are presented.
The stability and coercive stability estimates for the solution of these difference schemes are

obtained. The modified Gauss elimination method is used for solving these difference schemes.

2 Well-posedness of problem (1.1) and its applications

Theorem 2.1 Assume that A is a self-adjoint positive definite operator, p,v,& € D(A) and
f(t) € C3(H) (0 < aw < 1). Then, for the solutions (u(t),p) of problem (1.1) the following
stability estimates hold:

llloqary < M 19l + 160 + 16l + 1 o) (2.1)
147 2p]l < M [lellys + 160+ el + 1f Do) (2:2)
1
o0 < 3 WA+ 1491+ 1480 + 2 W] 23)

where M does not depend on «, @,,&, and f(t).
Here, Coi" (H) is the space obtained by completion of the space of all smooth H-valued functions

p on [0,T] with the norm

(t+n)*(T = )|pt +7) = p(D)|l
a,a = + su .
||pHCOT (H) ||P||c(H) 0§t<th§T ra
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Proof. We will obtain the representation formula for solution of auxiliary problem (1.3). Ap-

plying formula of [27, p.205], we get

’U(t) _ (I o 672TB)71{(67tB o 67(2T7t)B)’U(O)
_"_(ef(Tft)B _ 67(T+t)B)U(T) _ (ef(Tft)B _ ef(Tth)B)

T
% (2B)™" /O (e (T=9)B _ o~(T+9)B) £ (5)ds)

T
+(23)*1/0 (e71t=38IB _ o= (t+9)B) () ds. (2.4)

Here, B = Az, Using formula (2.4) and nonlocal boundary conditions, we get the system of

equations
U(O) — (I _ e—2TB)—1[(e—>\B _ e—(2T—>\)B)v(0)
_|_(e—(T—A)B e (T+>\)B) ( )] (I —2TB)

T
><( —(T—- /\)Bi(3 (T+)\)B 1f e —(T—-s) 67(T+S)B)f(s)d8
0

+(2B)’1fT(67|A7s\B e~ 9B f(s)ds + o — &,
0

o(T) =v(0) + ¢ — .
Solving this system, we get
U(O) _ —(I— e—)\B)—l(I_e—(T—A)B)—l(I+e—TB)
x(e" TP T (g — o+ (2B) 7!
[ (@ e m) sy
0
+(I _ 67)\3)71([_ ef(Tf)\)B)fl(I_F efTB)
2B —1 r —|A—s|B 7(>\+S)B) f(S)dS) (2 5)
— —e .
“(o—e+@B)” [ (o 7
o(T) = v(0)+v—¢. (2.6)

So, problem (1.3) has a unique solution v(¢) that is defined by formulas (2.4), (2.5), and
(2.6). Applying formulas (2.4), (2.5), (2.6), and method of monograph [27], we get

Iollogan < M (Il + 191 + 1l + o) .1
0" + 1400
oT oT
< (Mgl + 140+ 1460 + s g | 28
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The proofs of estimates (2.2), (2.3) are based on formula (1.2), estimates (2.7) and (2.8). Apply-
ing formula (1.4) and estimates (2.7), (2.2), we can get estimate (2.1). Theorem 2.1 is proved.

Theorem 2.2 Assume that A is a self-adjoint positive definite operator, ¢,v,& € D(A) and
f(t) € Coi*(H) (0 < < 1). Then, for the solutions (u(t),p) of problem (1.1) the following

coercive inequality holds:

[[u” lesse (y + 1 Aullease iy + 12l 5

1
||f||cg;‘(H) + [ Aell i + AU g + 1AL 4], (2.9)

M[a(l —a)

where M is independent of «, @, 1, &, and f(t).

The proof of estimate (2.9) is based on formula (1.2), estimates (2.8) and (2.3).
Now, we consider the application of abstract Theorems 2.1 and 2.2. We consider problem

(1.6). It is known that the differential expression ( [28])

n

A*u(x) = — Z(ar(x)uw>w

r=1
defines a self-adjoint positive definite operator A% acting on Lo(Q) with the domain D(A%) =
{u(z) € WZ(Q), u(z) =0 on S}.

Therefore, we can replace inverse problem (1.6) by abstract boundary problem (1.1) in H =
Ly(Q). Using the results of Theorems 2.1 and 2.2, we can obtain the following theorem on

well-posedness of problem (1.6).

Theorem 2.3 For the solution of inverse boundary value problem (1.6), the following stability

estimate is valid:

lullor,@)y < Mlllell,@ + W@ + 1El,@ T 1flcw.@)

where M is independent of o(x), ¥ (x),&(x), and f(¢, ).

Theorem 2.4 For the solution of inverse boundary value problem (1.6), the following estimate

is valid:

([ co (@) T ||UHc” o wz@) T 1Pl z, @)

1
< M[m fllees za@y + lellwz@) + 19wz @ + 1€llwz @)

where M does not depend on o, (x),¥(x),&(x), and f(t, ).
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The proofs of Theorems 2.3 and 2.4 are based on the symmetry properties of the operator

A% in Ly() and the following theorem on the coercivity inequality for the solution of the elliptic

differential problem in Ly (€2) .

Theorem 2.5 ( [29]) For the solution of the elliptic differential problem
A*w(z) = w(z), = € Q,
w(z) =0, x €8,

the following coercivity inequality holds :
lollz < Mllwll,@):

where M does not depend on w(x).

3 Well-posedness of difference schemes for problem (1.1)
and its applications

Well-posedness of various types of the difference schemes for elliptic equations had been inves-

tigated in [27,29-31] (see also references therein). Applying the approximate formulas

wW) = w21+ o)
wW) = w2+~ ED@2l + 1)~ u((21) +o(r?)

for u(X) = &, inverse problem (1.1) corresponds to the following first and second order of accuracy

difference problems

772 (upy1 — 2up + up—1) + Aug = 0 +p, Op = f(tr),

(3.1)
tk,:k?T, 1§kSN—1, NT:T,UQZ(‘O,UN:'(/),ul:€7

772 (upy1 — 2up + up_1) + Aug, = O +p, O = f(tr),
th=kr, 1<k<N-1, N7 =T, (3.2)
Uy = @, un = P, u; + (% —l) (upr1 —wy) = &.
Here, | = [ﬂ and [-] denotes the greatest integer function.
First, we consider the first order of accuracy difference scheme (3.1). As in the differential

case for finding a solution {uk}i\;l of problem (3.1), we will apply the substitution

up = vp + A", (3.3)
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where {vk}ivzo is the solution of the following auxiliary nonlocal boundary value difference

problem. Then, we get

—7 72 (Vg1 — 20k + V1) + Avg =0, 1< kK< N —1,

(3.4)
vo—u=p—§un—u =19 ¢
where p is the unknown element defined by formulas
p=Ap— Avg or p= A — Avy. (3.5)

For solving of problem (3.1), we will consider the following algorithm which includes three stages
as in algorithm for solving problem (1.1). In the first stage, we consider the auxiliary nonlocal
boundary value difference problem (3.4) and we will obtain {vk}gzo .

In the second stage, we will put k = 0 or k = N and find vy or vy, respectively. Then, using
(3.5), we can obtain p. In the third stage, we will use formula (3.3) for obtaining the solution
{uk}g;ll of difference problem (3.1).

It is well-known (see [28]) that C' = 2(TA + V4A + 72A42) is a self-adjoint positive definite
operator and R = (I + 7C)~! which is defined on the whole space H is a bounded operator.

Here, I is the identity operator.

Theorem 3.1 Assume that A is a self-adjoint positive definite operator, ,,& € D(A) and
{Hk}ff:? € C¥*(H)(0<a<1l). Then, for the solutions ({uk}g;f ,p) of difference problem
(8.1) the following stability estimates hold:

[wn <M [wnH el + gl + [ (05 (3.6)

H) cT<H>} ’

CT(HJ : (3.7)

, (3.8)
cF Y (H)

A7 0l < 2 (ol + 10l + el + | 003227

1 _
ol < M 1Al + 14905+ 148l + oo [0

)

where M does not depend on T, c, p,,&, and {Gk}fc\!ll )
Here, C&*(H) is the space of all H-valued grid functions {Gk}kN:_ll in the norm

No1 B N-1
H{ek}k:1 ‘Cg,a(H) - Hwk}k:l HCT(H)
+ sup (k7 +n7)(T — k1)||0) 4 — Okl
1<k<k+n<N-1 (n7)"
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Proof. We will obtain the representation formula for solution of auxiliary problem (3.4). By

using formula (see, [27]), we get
vy = (I—R*™)7((RF =R F) vy + (RN % — RNTF) uy)

— (RNF — RNTRY (I + rC) (2] + rO) '
N-1

% (RN—l . RN"F’L) 617'}
=1

N—-1
+H(I+70)2I +70) e Y (R“H‘\ - R’““) 0. (3.9)
i=1

Applying formula (3.9) and nonlocal boundary conditions vg —v; = ¢ — &, vy — v = — &, we

get the system of equations
vy = (I _ R2N)71 ((Rl _ R2N7l) vo + (RNfl _ RN+I) 'UN)
—(I — R?N)~1 (RN_l — RN'H) (I+7C)2I+7C)"1Ct

N—-1
x 3 (RN = RN*) i (3.10)
i=1
N-1
+(I +7C) 20 +7C)7rCt Y (R — R gir 4+ 0 — &,
i=1

UN =V + 9P — @
In the similar way as in [16, Lemma 3.2], we can state that the operator
Q=1-RN _R 4 R¥N-l_RN=L L RN+l — ([ — RN=U)(I — RN)(I — R")
has inverse and moreover
Q'=(-R) (I-RV)"I-RNH"
Solving system (3.10), we have

v = —Q ' (RN -RYTY(I+rC)20 +7C)CTH
N-1
x Y (RN = RN 0,7+ Q7N (I — R*N)(I+70)
=1
N-1

@2l +7C) ety (R”—i‘ - Rl+i) 0,7
=1
+QTM IR (p =)+ Q7 (RN = RV (v — ), (3.11)
uN = v+ Y — . (3.12)

So, difference problem (3.4) has a unique solution {vk}gzo defined by formulas (3.9), (3.11), and
(3.12). Applying formulas (3.9), (3.11), (3.12) and method of monograph [27], we get

[ <M[|¢|H+|¢|H+|5|H+H{ek}§f_fH SN CAE)

) CT(H)}
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_ N—-1 _
H{T 2(Uk+1 — 2u + vk*l)}kzl H + H{Avk}f:;ll
e (H)

e ()

<M

1 N-1
[ Alzg + 1490 + 148l + oy {015

. (3.14)
e (H)
The proofs of estimates (3.7), (3.8) are based on formula (3.3), estimates (3.13), (3.14). Applying

formula (3.3) and estimates (3.13), (3.7), we can get estimate (3.6). Theorem 3.1 is proved. m

Theorem 3.2 Assume that A is a self-adjoint positive definite operator, ,,& € D(A) and
{Hk}g:_ll € C¥*(H)(0 < a<1l). Then, for the solutions ({uk}g:_ll ,p) of difference problem
(8.1) the following coercive inequality holds:

_ N—-1 _
2 —2m+ue )|+ [l + Il

e e (H)

1 _
SM[M [oh S el + 1Al + el | (3.15)

cHY(H

where M is independent of T, a, 0,9, &, and {ek}kN; .

The proof of estimate (3.15) is based on formula (3.3) and estimates (3.14), (3.8).

Second, we consider the second order of accuracy difference scheme (3.2). We will use the
same three stages mentioned above for solving difference problem (3.2).

Applying (3.3) to the second order accuracy difference scheme (3.2) for finding {vk}gzo, we

get the following auxiliary difference problem

772 (Vp1 — 205 +Vp—1) + Avg =0, 1 <E< N —1,
vo=—2-1-1Duy+ 2=y +e—¢ (3.16)
on=—2-1-Du+ (2 -Dvp+v-=¢
Theorem 3.3 Assume that A is a self-adjoint positive definite operator, ¢,v,& € D(A) and
{Qk}g:_ll € C¥*(H)(0< a<1). Then, for the solutions ({uk}fj:—ll 7p) of difference problem
(8.2) stability estimates (3.6), (3.7) and (3.8) hold.

Proof. In the similar way as in [16, Lemma 3.3] we can obtain that, the operator

Ql :I_R2N+ (% Sy 1) (Rl _R2N7I+RN71 _RNJrl)
_ (A 71) (RlJrl _ R2N7l71 +RN7Z71 _ RNJrlJrl)

T

has inverse
Ql—l _ (I*R2N+ (% S 1) (Rl 7R2N7l +RN71 *RNH)
_ (A _ l) (Rl+1 _ R2N—I-1 4 pN-I-1 _ RN+l+1))_1.

T
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Applying formula (3.9) for solving auxiliary difference problem (3.16) and nonlocal boundary

conditions

vo=—2-1-Du+E-Dopt+e-¢
on=—(2-1-1o+ 2 -Dvp+v—¢

we get the system of equations

v =—(2 =1 =1 = B*N)7[(R' = R*N~")uo + (RN~ = RV+!)uy]
(é — 1= 1)(I = R*N)"Y(RN=! — RNFTH(I + 7C) (2] + rC) 1 C !
X z (RN=" — RNTH0;7 — (2 =1 - 1) (I + 7C) (2] + 7C)~*C !

i=1
N—-1

x 3 (R — RA*9) 07 + (2 — 1) (I — R?N)~!

<.
=

X

—

RH—I _ R2N—l—1)v0 =+ (RN—l—l _ RN+l+1)vN] _ (% _ l) (3_17)
— RN)"Y(RN-I-T - RNHH (T 4 7C) (2] + 7C) O

X
?Aﬁ

ML

(RN "= RNt m 4+ (2 — )1 +7C)(2I +7C) 71O

SR R 4 o,

1
UN = v+ — .

-
I

Solving system (3.17), we get

o= (2 -l- QT RN - RN (I 1) (2d +70) e

—1
x > (RN = RNTO;r

2

@
Il
-

—(5 —1-1)Qy (I - RPN +7C) (2 +7C)'C™!
-
N-1
x Y (R — R0;r
i=1
A
—(--0Qy YRN==0 - RNFHY ([ 7C) (2 +7C) 1O !
N-1
x Y (RNT'— RNTH6,T

<
Il
—
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~ QNI - RPN (I +70)2I +70)~'C™!

-1

+(

S >

X
=z

(R|l+1—i\ _ Rl+1+i)9i7
1

FQIT = RM) (o~ )+ (2 — 1 - 1)@7 (RN~ RY*)

n (/T\ _ l) Qfl (RN—Z—l _ RN+l+1))(1/) - ), (3.18)
on = o+ — o (3.19)

So, difference problem (3.16) has a unique solution {vk}fcvzo which is defined by formulas (3.9),
(3.18), and (3.19). Applying formulas (3.9), (3.18), and (3.19) and method of monograph [27],
we get estimates (3.13) and (3.14). The proofs of estimates (3.7), (3.8) for difference problems
(3.1) and (3.2) are based on formulas (3.3) and estimates (3.13), (3.14). Applying formula (3.3)
and estimates (3.13), (3.7), we can get estimate (3.6). Theorem 3.3 is proved. m

Theorem 3.4 Assume that A is a self-adjoint positive definite operator, p,1,& € D(A) and
{ek}ffgf € C¥*(H)(0<a<l). Then, for the solutions ({uk}fcv:zl ,p) of difference problem
(3.2) the coercive inequality (3.15) holds.

The proof Theorem 3.4 is based on formula (3.16) and estimates (3.14), (3.8).
Now, we give the application of abstract Theorems 3.1-3.4. We consider problem (1.6). We
will discretize problem (1.6) into two steps. In the first step, we define the grid spaces

Qh = {x:xm:(hlmla"' 7hnmn);m:(mla"' amn)7

my = 07"';M’r‘7 hTMTZEaT:17"'7n}>

Q}LZQ}LHQ,ShZQhﬂS.

To the differential operator A* generated by problem (1.6), we assign the difference operator

A} defined by the formula

A () = =3 (arlond),,

r=1

acting in the space of grid functions u”(z), satisfying the condition u"(z) = 0 for all x € Sj,. It

is well-known that Aj is a self-adjoint positive definite operator.
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By using A7, for obtaining v"(t, z) functions, we arrive at auxiliary nonlocal boundary value
problem

— D) AR (t,x) = fi(t ), 0<t<T, @€,

oM (0,2) — vh (N x) = o(z) — (), z € U,

(3.20)
V(T x) — v (N, 2) = ¥(x) — (), 2 € Q,

for a system of ordinary differential equations. For calculation of p”(z), we have formula

p'(x) = AT () — AFoM(0,2), 2 € Q. (3.21)

In the second step, problem (3.20) is replaced by (3.1) and (3.2) as
13 - ’Uh x ’Uh x .
_ Uk (2) =2 ‘,;2( )+oR 1 () +A}LLUZ(3?) _ f,?(:c),
fi@) = fM(tr, o) te =kr, 1<k <N —1, 2 € Q, (322)
ob(@) — of (2) = P (2) — €M (), = € G,
oy (@) — o (@) = Wh(a) - €M), o € S,

h h h

_vk+1(7”)—271:2($)+”k71($) —|—Ai’02($) — f]?(l'),

f,?(l’) = fh(tk,x),tk = kT, 1< k < N, T € Q}“

§(2) = (2 =D vla (@) + (2 — 1= 1) vf(2) = " (z) — " (),

(3.23)
v (@) = (2 =D vl (@) + (2 =1 = 1) vp(e) = 9" (x) — " (x),

To formulate our results, let Lo, = L2(€) and W3, = W2(0) be spaces of the grid

functions p"(z) = {p(himy, -+ , hymy)} defined on Qy, equipped with the norms

1", = (D 10" @)Pha - ha)2,

xeﬁh

[ P VA R O D (S PR RN
z€Qy, T=1
O S0 @) | e B2,
xeﬁh’r:]'

Theorem 3.5 Let 7 and |h]

Vh2+ -+ h2 be sufficiently small positive numbers. Then,
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for the solutions of difference schemes (3.1) and (3.2) the following stability estimates hold:

M|, + 19", + 1€, + T b

H{uk}}l CT(LZ}L)

CT(L2}L)
P, < MUz, + 19"z, + 16" e,

[€73 15 N

CT(Lzh)

A

L1
a(l —a)

where M is independent of T, h, " (z),¥"(x), &"(x) and {fI(z) iv_l

Theorem 3.6 Let 7 and |h| = \/h? + -+ h2 be sufficiently small positive numbers. Then,
for the solutions of difference schemes (3.1) and (3.2) the following almost coercive stability

estimate holds:

up g — 2up oy o pN-1 h
= ) 3 I P
1 Cr(Lan) )
1 N
< Mg+ 19, 1€ g+ 10— [,

where M does not depend on T, h, " (2), " (z), " (), and {f](x) iv_l

The proofs of Theorems 3.5 and 3.6 are based on the symmetry property of the operator
A7 in Loj, and the following theorem on the coercivity inequality for the solution of the elliptic

difference problem in Loy,.

Theorem 3.7 ( [31]) For the solution of the elliptic difference problem

Azul(z) = wh(z), z € Qn,

u(z) =0, € S,

the following coercivity inequality holds:

> Wz, 7,5

r=1

h
Lop < M”w ||L2h,7

where M is independent of h and w.
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4 Numerical results

For the numerical result, we consider the inverse problem

—827552""") -2 ((1+ )auéfc,z)> =flt,z)+px),0<z<m0<t<T,

f(t, )—tsm(x)—(exp( t) +t) (cos (z) — xsin(z)),

u(0,2) = 2sin(z),0 < x < T, (4.1)
u(T,z) = (exp (=T)+ T+ 1)sin(x),0 <z <,

u(Ax) = (exp (=A) + A+ 1)sin(z),0 < z < 7,

u(t,0) =u(t,m)=0,0<t<T,A=3L

for the elliptic equation. It is easy to see that u(t,z) = (exp (—t) +¢+ 1)sin(z) and p(x) =
—cos (z) + (1 + z) sin(z) are the exact solutions of (4.1).
For approximate solution of nonlocal boundary value problem (1.3), consider the set [0, T x

[0, 7],,0f a family of grid points depending on the small parameters 7 and h

[O)T]TX[O?T(]}L = {(tk,iEn)ltk:kT,kzl,"',N—l, NT:Ta

Tp=nh, n=1,--- M —1, Mh=m}.

Applying (3.22), we get difference schemes of the first order of accuracy in ¢ and the second

order of accuracy in x

k1 ko, k—1 ko k. k kK
v —2v, +v Vpt1 20,0, 1 Unt1 " Yn-1 __ pk
e 4 (14 2y,) W + =5 =0,

0F = —f(te,@p),k=1,--- ,N=1, n=1,--- M —1,

vE=vk, =0, k=0,--- N, (4.2)
W0 —ol =, &, n=0,---, M,
v = Uy = —&ny, n =0, M,
on =@ (Tn) ¥ =¥ (Tn) &n = € (xa) 1 = [2]
for the approximate solutions of auxiliary nonlocal boundary value problem (1.3) and
wﬁ“—Q:;ﬁﬂuﬁil e xn)wﬁ+172]';l;ﬁ+wi—l n wﬁ+127hwf1—1 —
k=1,--- ,N—1, p,=p(a,),n=1,--- M —1,
wézwﬂ:(),kaf , N, (4.3)
wgzgn—vﬁl,n—o, ,M,l:[ﬂ,
wy =& =Vl &y =& (zn) ,n =0, , M,

for the approximate solutions of boundary value problem (1.5).

145



A finite difference method for the inverse elliptic problem with the Dirichlet condition

Applying (3.21) and second order of accuracy in x approximation of A, we get the following

values of p in grid points

(Pnt1 — U91+1) — 2(pn — Ug) + (Pn-1— vg—l)

pn = —(1+an) B2 (44)
(g1 —vnga) = (no1 — U271)7n M1
2h
We can rewrite difference scheme (4.2) in the following matrix form
Apnt1 + Bpop + Crop_1 = Iﬁﬁ, n=1,---,M —1, (4.5)
vo = ﬁ, Up = 6>

Here, 0,, is (N + 1) x 1 column matrix, A,, By, Cy, are (N + 1) x (N + 1) square matrices

00 0 0 0 0 0 0
0 an 0 0 0 0 0 0
0 0 a, 0 0 0 0 0
0 0 0 a, 0 0 0 0
A, = , (4.6)
00 0 0 a 0 0 0
00 0 0 0 a, 0 0
00 0 0 0 0 a, 0
(00 0 o0 0 0 0 0
(1 0 0 0 -1 0 0 0 0]
d by d 0 0 0 0 0 0
0 d b, d 0 0 0 0 0
0 0 d b, 0 0 0 0 0
B, = ;
00 0 0 0 by d 0 0
00 0 0 0 d by, d 0
00 0 0 0 0 d b, d
000 0 0 -1 0 0 0 1|
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[0 0 0 o 0 0 0 0]
0 ¢ 0 0 0 0 0 0
0 0 ¢ 0 0 0 0 0
00 0 e 0 0 0 0
Cp = , (4.7)
00 0 0 e 00 0
00 0 0 0 ¢ 0 0
00 0 0 0 0 ¢ 0
000 0 0 0 0 0 0
where
a = gLy, o 2 At (4.8)
SR Y

h? 2h’ T2

o
On = Sl
oy
O = on—En, 0N =thp—&pyn=1,--- M -1,
0 = —f(tr,xn), k=1,--- ,N—1, n=1,--- , M —1,

and [ is the (N 4+ 1) x (N 4 1) identity matrix,

Vg = ,s=n—1nn+1,

s (N+1)x1
This type of system is studied by Samarskii and Nikolaev in [32] for difference equations.

We seek solution of (4.5) by the formula
Up = Qpy1Vpt1 + By, n=M —1,--- 1,

where vy = ﬁ, ap (n=1,---,M —1) are (N + 1) x (N + 1) square matrices and 3, (n =
1.---

)

,M —1) are (N 4+ 1) x 1 column matrices. For the solution of difference equation (4.5) we
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need to use the following formulas for o, 11, 841
Ant+1 = _(Bn + Cnan)ilAna
6n+1 - _(B7L+C7Lan)71(len_Cnﬁn)vn: 1a 7M_17

where aq is the (N 4+ 1) x (N + 1) zero matrix and (5 is the (N 4 1) x 1 zero column vector.

We can rewrite difference scheme (4.3) in the following matrix form
Apwpir + Eqwy +Cpwy_y = Ik, n=1,--- M —1,
N (4.9)
Wo = 0 , W = 0.

Here, A,,, E,, Cy, are (N + 1) x (N + 1) square matrices, A, and C,, are defined by (4.6) and
(47),

(1 0 0 0 0 0 0 0]
d b, d 0 0 0 0 O
0 d b, d 0O 0 0 O
0 0 d b, 0 0 0 O
En=1: + = ", (4.10)
0 0 0 O b, d 0 0
0O 0 0 O d b, d 0
0 0 0 O 0 d b, d
| 00 0 0 0 0 0 1|
b, and d are defined by (4.8), 0, is (N + 1) x 1 column matrix,
U
M = R
u
My = &=ty =& -y, n=1 M -1,
= —pp, k=1, ,N-1,n=1,-- ,M—1,
wy
Wy = : ,s=n—1nn+1
wil (N+1)x1
We seek the solution of (4.9) by the formula
Wy = A 1Wnt1 + P, n=M —1,--- 1,
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where wy; = 6), ap (n=1,--- ,M — 1) are (N + 1) x (N + 1) square matrices and 3, (n =
1,--+,M —1) are (N +1) x 1 column matrices. For the solution of difference equation (4.9), we

need to use the following formulas for o, 1, Bn41

Apt+1 = _(En + Cnan)_lAn;

5n+1 = *(En + Cnan)il(-[nn - Cnﬂn),n =1, 7M -1,

where oy is the (N 4+ 1) x (N + 1) zero matrix and (3 is the (N 4+ 1) x 1 zero column vector.

Now, approximate solution of inverse problem will be defined by
Up = Up + Wp,n =0, , M.

Second, we again consider inverse problem (4.1). Applying (3.23) and formulas for u

p(@ny1) = plen) 1 () = o(h?),

2h
(@) — 2/‘;:23”) ) 1 (xn) = o(h?),
20(0) — 5uh) e 2h) — SR) _ g o,
2u(m) — Su(m — h) + 4p(r — 2h) — p(m — 3h)

—p'(m) = o(h?),

h2
we get difference schemes of the second order of accuracy in ¢t and x

k41 ko, k—1 B ouki ok La—
R Upy1 =20, 0,y Unt1 " Yn—1 _ pk
e 4 (14 ) 3 + g =0y,

= —f(tk,xn),k=1,--- N—1, n=1,--- M —1,
v‘f:vﬂ:(), k=0,---,N,

(4.11)
'1)2"‘(%—1_1)’02—(%—l)’l}i{i_l:gpn—fn’ n:0, 7M7
1}7]7Y+(%—l—1)’l}£l—(%—l)’l}£l+l:wn—fn, TL:O, 7Ma
On =9 @n) , Yn =V (T0),6n =& (Tn)
for the approximate solutions of boundary value problem (1.3) and
_ E o owk ik Wk _wk
wﬁ+1—2$ﬁ+wﬁ ! +(1+l‘n)w"+l thnJr n—1 __ n+12h n-1 _ —Pn,
k'Zl, 7N_17 pn:p(xn),n:L 7M_1a
wk =wk, =0, k=0, , N,
oM (4.12)
w2=£n+(% l—l)vfl—(;\—l)vfl+17n—0, , M,
w =&+ (2 —1-1)0v, — (2 =) vt
gn:g(xn)7n_0a 7M7

for the approximate solutions of nonlocal boundary value problem (1.5).
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We can rewrite difference scheme (4.11) in the matrix form (4.5), where A,,, C,, are defined

by (4.6), (4.7), (4.8), and B,, will be changed to the following matrix

1 0 0 O 0y z O 0 0 0 O
d b, d 0 0 0 0 O 0 0 0 O
0 d b, d 0 00 O 0 0 0 O
0 0 d by 00 00 0 0 0 O
B, = :
0 0 0 O 0000 - b, d 0 0
0 0 0 O 0 00 0 - d b, d 0
0 0 0 O 000 0 - 0 d b, d
00 0 0 0y z O 0 0 0 1|
where b,, and d are defined by (4.8),
y:é—l—l,z:—i—i—l.
T T

Now we will write difference scheme (4.12) in the matrix form (4.9), where A,,, E,,, C;, are defined

by (4.6), (4.10), (4.7), (4.8), and 7, is defined by formula

T
M = )
'
A A
N = &+ ll>1}£b(l)’l)£l+l7
T T
A A
777]:] = &+ —l—l)v%—(—l)vijrl’n:l’...’M_L
T T
nfl = _p’ﬂ7k:17"'7N_17n:1>"'7M_1~

Now we give the results of the numerical analysis. In order to get the approximate solution, we
used MATLAB programs. The numerical solutions are recorded for different values of N = M for
T = 2. Grid functions v¥,u¥ represent the numerical solutions of difference schemes for auxiliary
nonlocal problem and inverse problem at (¢, z,), respectively. Grid function p,, represents the

numerical solutions at z,, for unknown function p. For their comparison, errors are computed
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S

-1

N _ E|Zp 1
EVM—lgglgag}_l( |v(tr, x0) — vy | h)2,

1

1 2.1

Eu%:1§g1§a§71(n§1 {u(tk,xn) a ufl] M*,
M-1

Epar=( X |p(en) = pul?h)3.

Ii:

Tables 1-3 give the error analysis between the exact solutions and solutions derived by difference
schemes. Tables 1-3 are constructed for N = M = 20, 40, 80 and 160. Hence, the second order of

accuracy difference scheme is more accurate comparing to the first order of accuracy difference

scheme.

Table 1. Error analysis for nonlocal problem

N=M=20 | N=M=40 | N=M=80 | N=M=160

Difference scheme

(4.2) 0.089063 | 0.044215 0.022097 0.011055

Difference scheme

(4.11) 0.0029957 | 7.48x10~* | 1.87x107* | 4.67x107°

Table 1 is the error analysis between the exact solution v for auxiliary nonlocal problem and
solutions derived by first order and second order accuracy of difference schemes in first stage of

algorithm.

Table 2. Error analysis for p

N=M=20 | N=M=40 | N=M=80 | N=M=160

Difference schemes

(4.2,4.4) 0.22429 0.11413 0.057734 | 0.029054

Difference schemes

(4.11,4.4) 0.01924 0.0044386 | 0.0011099 | 2.77x10~*

Table 2 is the error analysis between the exact solution p of inverse problem and solutions

derived by difference schemes in second stage of algorithm.
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Table 3. Error analysis for u

N=M=20 | N=M=40 | N=M=80 | N=M=160

Difference schemes

(4.2,4.4,4.3) 0.053925 0.11413 0.013105 0.0065324

Difference schemes

(4.11,4.4,4.12) 3.23x107% | 8.13x107° | 2.03x107° | 5.09%x 1076

Table 3 is the error analysis between the exact solution u of inverse problem and solutions

derived by first order and second order accuracy of difference schemes.

5 Conclusion

In this work, inverse problem for elliptic equation with Dirichlet condition is considered. The
stability and coercive stability estimates for solution of this problem are established. First and
second order of accuracy difference schemes are presented for approximate solutions of inverse
problem. Theorems on the stability and coercive stability estimates for the solution of difference
schemes for elliptic equation are proved. The theoretical statements for the solution of this
difference schemes are supported by the results of numerical example in a two dimensional case.
As it can be seen from Tables 1-3, second order of accuracy difference scheme is more accurate
comparing with the first order of accuracy difference scheme. As a future work, higher orders
of accuracy difference schemes for the approximate solutions of this problem in an arbitrary

Hilbert space E with strongly positive operator A will be investigated.
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