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Continuous

contact; In this study, continuous contact problem for two layers, having different heights
Elasticy; and elastic constants, loaded by means of two rigid rectangle stamps and resting
Functionally on a rigid plane is considered according to theory of elasticity. The problem is
graded layer; solved under the assumptions that all surfaces are frictionless. Using boundary
Rigid plane; conditions of the problem and integral transform technique, the problem is

reduced to a singular integral equation. The integral equation is solved
numerically by making use of appropriate Gauss Chebyshev integration formula
for rectangular stamp profiles and contact stress distribution under the stamps is
obtained. Depending on the contact stress under the stamps, initial separation
loads and initial separation distances between the layers and between
homogeneous layer and rigid plane are determined.

1 INTRODUCTION

Due to the fact that many structural and mechanical system elements are in contact with each other, contact
problems have been widely found in engineering structures. In the cases where the elementary theory is
insufficient in the solution of stress, displacement and deformation problems in engineering structures, problems
are solved with the help of elasticity theory. In addition, with the development of computer technology and
numerical solution methods, the number of studies on this subject has increased significantly. In the literature,
various contact problems of the layers are frequently encountered. A number of researchers have discussed
contact problems such as continuous and discontinuous contact problem [1-9], contact and crack problem [10-
12], frictional and moving contact problem [13-15] and the receding contact problem [16-19] until today.

In this study, the problem of frictionless and continuous contact in a Functionally graded (FG) layer loaded with
two rigid flat blocks resting on the homogeneous layer was solved finite analytically. In the problem, the
homogeneous layer resting on the rigid plane. The continuous contact problem was solved for different block
widths and different height ratios. When the homogeneous layer height is too large, the problem becomes a
contact problem in the layer on the elastic half plane. Therefore, the solution was made by increasing the height
of the homogeneous layer and the results were compared with [1]. As a result of the solutions, stress
distributions under the block, normal stress distributions, initial separation loads and distances were determined.

2 MATERIAL AND METHOD

2.1. Definition of the problem

In this study, the frictionless contact problem of a FG layer resting on a homogeneous layer is solved analytically
by using elasticity theory and integral transformation techniques. The FG layer is loaded by rigid two different
blocks. The homogeneous layer is resting on a rigid plane. All surfaces are considered to be frictionless and the
gravity forces are considered while making the solution. In addition, the rigid blocks are in contact with the FG
layer at intervals of (a, b) and (c, d). The layers and the rigid plane extend along the x-axis in the range of (-,
+o0) and the thickness in the z-axis direction is taken as unit.
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Figure 1. Geometry of the problem

2.2. Analytical Solution of Continuous Contact Problem

First of all, solving the problem, Navier equations were obtained with the help of equilibrium equations,
constitutive relation, displacement and strain equations. A set of ordinary differential equations was obtained by
applying Fourier integral transformation technique to Navier equations. By solving this set of differential
equations, expressions of stresses and displacements were found in terms of unknown coefficients. These
unknown coefficients were determined by unknown boundary stresses p (x) and q (x) by the following boundary
conditions.

u(x,y) and v(xy)are displacement components, o, (x,y), o,(xy) and 7z, (xy) are stress

components and the boundary conditions of the problem can be written as follows according to the axis set in
Figure 1:

-p(x) a<x<b

o, (x0)=1-q(x) c<x<d (1a)
0 other
Txyl(X,O)zo —00 < X <00 (1b)
7y (X—h)=0 —0 < X <0 (lc)
o, (x-h)=0, (x-h) —00 < X <0 (1d)
%[VZ(X,—hl)—Vl(X,—hl)}ZO —0 < X< (1e)
7, (x,=h)=0 —30 < X < 0 (9
z'xyz(X,—h)zo —00 < X< (1g)
v,(x,—h)=0 —0< X< (1h)
%[vl(x,o)]:o a<x<b (1i)
0

&[vl(X,O)]=0 c<x<d (1i)
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p(x) and q(x) in equation (1a) are the unknown contact stresses between the rigid block and the
functional graded layer.

The equilibrium conditions for the problem are;

jp(t)dt: P (2a)

a

d

Ja(t)ydt=Q (2b)

c

After obtaining unknown coefficients, using (1i) and (1j), the singular integral equations can be obtained
for P(x) and Q(x) after some simple operations as follow [20]:

118 [ K+1) 1
—-—— p(t,)dt, kl*(xl’t1)+( : ] ~ :|
Tty L 41(t X, ) 3a)
* K+
___jq(t )dt, |<l (%t )+ ( T )@ _X)} 0 a<x<b
11°% * /c1+1
_;_Oa p(t )dt kl (XZ’tl) ( 4 (t —X, )i|
- (3b)
——_IQ('E )dt, kl*(Xz,tz) (KlJrl } 0 c<x<d
t, _Xz)
The k; kernel in equations is defined as follows;
k(xt)=S(An +An, +An,+An,) (4)
k,*(xt)= I[k(xt) ( ]smé(t x)] £ (5)

In order to calculate the contact stresses p(x) and q(x), the equilibrium equations (2) and the integral equations
(3) must be solved together.

In the above equations, the material constants of the elastic layers p; and k; are known as «; = (3-4vi) in the plane
deformation and x; = (3-v;)/(1 + v;) in the plane strain. v; is Poisson's ratio. For the numerical solution of the
integral equation, the following non-dimensional quantities are defined.

To simplify the numerical solution of the integral equation, the following dimensionless quantities are defined:

b-a b+a b-a b+a

SN RN (69)
d-c d+c d-c d+c
X2 =TI’2 +T t2 =TSZ +T (6C'd)
p[b—asl+b+aj q(b—asl+b+aj
2 2 2 2
= = 6 -
9,(s,) P/h 9,(s,) P/ (6e-f)

A refers to the load factor. In the case where the load factor (1) gets up to a certain critical value (4,),
it becomes a separation between the layers or between the homogeneous layer and the rigid plane and the
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problem becomes a discontinuous contact problem. The distance that the initial separation occurs is called the
initial separation distance ().

Here g(s) are dimensionless contact stresses that occur on rigid blocks. Since the contact stresses at the sides of
the rigid blocks have singularity, the index of the integral equation is +1. Accordingly, the solution of the
singular integral equation is sought as follows:

0 (Si) =Gi (Si)l:]'_sizj|7ll2 (-1< S <1 (i=12) U]

Here, g (s) is limited to a closed range of -1 < s < 1. Using the appropriate Gauss-Chebyshev integration formula,
the equations (2) and (3) can be reduced to the following state.

4 b-a K +1 1
_ZWiGl(Sli )——| my(r,s,)+ - —
i-1 2h 4 L a(s -r.)
2 1i 1j
3 d-c K +1 1
—>WG,(s, )—| m,(r,,s L =0
i; Cal(5a) 2h o0 Z)J{ 4 j[d—c d+c} {b—a b+a}
S, + - n; +
2 2 2 2
(j=1..,n-1 (8)
n b-a K +1 1
> WG, (s, )— , L
le Gils) 2h (% 51)+( 4 j[ba b+a} [d—c d+c}
S, + - r, +
2 2 2 2
. d-c K +1 1 .
_ZWiGZ(SZi )—— | my(r,,8, )+ : — (j=1..,n-1) )
—~ 2h 4 )d-c
— (s-1y)
The terms in these equations are defined as follows;
W, =W = 1 W S (i=2,..,n-1 (20)
1 n 2n_2 i n—l =Ly
i—1
S, =S, =CO0s mﬂ' (|=1, ,n) (a)
2j-1 .
r, =r, =C0S =1..,n-1 b 11 a-b
1i 2i [2n—2ﬁj (] 11 ) ( ) ( )

After the stresses oy; (X, -h;) and oy, (X, -h) on the contact surfaces have been determined by adding the gravity
forces and performing the necessary intermediate operations, the expressions giving the initial separation loads
and the initial separation distances are obtained as follows:

eﬂv o4 .
O'1y(X, y)ZZP (K‘l _1)!;[I§(3—Kl)+sjnj (K1+1):|Aje’ [COSf(t—X)]d§+
ZQ(,:ﬂ_yl)Ij41[i§(3_’€1)+5jnj("1+1)}Ajesjy[Cosf(t—x)]dﬁﬂw 0<Xx<oo (12)

o, (xy)= 2Pﬂ2j{ gy {-2|§| Bi+[ (, -1)-2|¢]y | B2 } + e 2]¢]Ba+ [ (1, ~1) + 2[¢] y]BA}}[cosg(t —x)]dé+
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2Qu2J:{ e’my{—2|.§| B1+[(1<2 -1)-2|¢ y] Bz}+ gl { 2|&|Ba+[ (1, —1) + 2|¢] y]B4}}[cos§(t—x)]d§+
-rh _
Mﬂ%gy 0<Xx<o (13)

For the FG layer, the load factor formula becomes to following, in the case of the load get up to the
critical load (P=P,);

P
A, =—L— 14a
o Poghl2 (142)
The critical load factor formula that cause initial separation in the homogeneous layer is obtained as
follow
P

A, =—ad 14b
. /Dogrﬁz"'lozghz2 (140)

3 RESULTS
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Figure 2 (a-b). Distribution of contact stresses under block for various block width values (a/h,;=3, (b-a)/h;=1,
(c-b)/h;=1, Bh;=0.6931, yh;=0.6931, Q/P=2, k;=1, 1x=1, o/ wn=1, hy/h=0.5)

Figure 2 shows the dimensionless contact stress distribution under the block for various block widths. As
can be seen from the figure, as the block width increases, the stresses decrease under the block will as the force
will spread over a larger area.

4 8
o (1) hy/h=0.25
B )] (2) hy/h=0.5 i
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Figure 3 (a-b) Distribution of contact stresses under block for various h;/h values (a/h;=3, (b-a)/h;=1,
(C-b)/h1=2, (d'C)/h]_:l, Bh1:'1.3862, ’Yh1='1.0986, Q/PZZ, K]_:l, K2:1, H-Z/lvl—hl:]-)
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Figure 3 shows the dimensionless contact stress distribution under the block for various ratios hi/h. As can be
seen from the figure, the change in the layer height ratios does not cause very big changes under the block. The
increase in the hy/h ratio creates a slight increase under the block.
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Figure 4a. Distribution of o, stresses between layers for various block width values (a/h,;=3, (b-a)/h;=1,
(c-b)/hi=1, Bh;=0.6931, yh;=0.6931, Q/P=2, k1=1, k=1, po/pn=1, hy/h=0.5)

-1.5
(1) (d-cyh=0.5
] xeh1=9.057 h=20.7246
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Q Xerh=9.440 4,=23 3973
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-0.9 — Xer/h1=10.356 A, =32.8827
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Figure 4b. Distribution of o, stresses between the homogeneous layer and the rigid plane for various block
width values (a/h1:3, (b-a)/h1=1, (C'b)/hlzl, Bh1:06931, "{h1:06931, Q/P=2, x1=1, k=1, Hz/u_hlzl, h1/h205)

In Figure 4 a, b, dimensionless oy; (X,-h1)/(P/h,) and oy, (x,-h)/(P/h,) contact stress distributions according to
various (d-c)/h; values are given respectively. For this loading case where the load of the second block is taken 2
times higher, it is seen that the stresses decrease when the ratio (d-c)/h; increases, that is, if the width of the
second block increases. In addition, when Figure 4 is examined, the point where the initial separation occurs is
increased as the block width increases and the initial separation load increases.
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Figure 5a. Distribution of contact stresses between FG layer and homogeneous layer for various hi/h values
(a/hy=3, (b-a)/h;=1, (c-b)/h;=2, (d-c)/h;=1, Ph;=-1.0986, yhy=-1.3862, Q/P=2, k1=1, k=1, po/pt.ny=1)
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Figure 5b. Distribution of contact stresses between the homogeneous layer and the rigid plane for various hl/h
values (a/h1=3, (b'a)/h]_:l, (C—b)/h1=2, (d'C)/hlzl, Bh1='1.0986, "{h]_:'l.3862, Q/PZZ, K]_:l, Kzzl, HZ/IJ--hl:l)
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In Figure 5 ab, the contact stress distributions without dimension oy;(X,-hy)/(P/hy) and oy,(x,-h)/(P/h,),
respectively, according to various hy/h values are given. In this loading where the load of the second block is
taken 2 times more, it is seen that the stresses increase in the case of the increase of the hy/h ratio, the decrease of
the height of the second layer. Further, when Fig. 5 is examined, the point at which the initial separation occurs
as the hy/h ratio increases, but as this ratio increases, the initial separation load for the second layer decreases

while the initial separation load for the second layer increases.
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Figure 6. The dimensionless oy, (X,-h;)/(P/h;) contact stress distribution between the FG layer and the elastic
semi-infinite plane for various ph; values (a/h;=2, (b-a)/h;=1, (c-b)/h;=2, (d-c)/h;=1, pe=1, po/pun=1,
vh;=-0.6931, y=-hy, h;=1, h/h=0.1 k= k,=2, Q=2P)

Table 1. Variation of the initial separation load and distances between the layers for various ph; values when the
height of the homogeneous layer increases (a/h;=2, (b-a)/h;=1, (c-b)/h;=2, (d-c)/hi=1, pe=1, p/pn=1,
vh;=-0.6931, y=-hy, h;=1, hy/h=0.1 x;= k,=2, Q=2P)

Bh XerNq Error Acr Error

! This Study  Polat (2019) (%) This Study  Polat (2019) (%)
-2.07944 8.12 8.13 0.12 181.724 181.958 0.128
0.0001 8.58 8.58 0.00 110.998 110.784 0.193
2.07944 9.44 9.41 0.31 99.302 99.011 0.294

If the height of the homogeneous layer increases, the problem is similar to the contact problem in the layer that
fits the elastic half plane. Therefore, by increasing the height of the second layer, the problem was compared
with [Polat 2018]. In Figure 6, dimensionless oy1(X,-h;)/(P/h;)contact stress distribution according to various Bhy
values is given. In Figure 6 and Table 1, in this loading case where the second block load is taken 2 times more,
when the upper surface stiffness of the layer is higher than the lower surface, in other words, as the Bhl stiffness
parameter value increases, the separation occurs at the farther point, while the initial separation loads decrease. If
the stiffness of the lower surface of the layer is higher than the top, the separation load increases, while the layer
is separated from the plane closer to the blocks. As shown in Figure 6 and Table 1, the results are highly
consistent each other.

4 CONCLUSION

e When the block width (d-c)/h; increases, the stresses decrease under the block. Because, the force will
spread over a larger area.

e Change in the layer height ratios (h;/h) does not cause very big changes under the block. The increase in
the hy/h ratio creates a slight increase under the block.

e The oy; and oy, stresses decrease when the ratio (d-c)/h; increases, that is, if the width of the second
block increases.

e  When the block width increases, initial separation distance and the initial separation load increases.

e The oy, and oy, stresses increase in the case of the increase of the hy/h ratio, as the decrease of the
height of the second layer.
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e The point at which the initial separation occurs as the hy/h ratio increases, but as this ratio increases, the
initial separation load for the second layer decreases while the initial separation load for the second
layer increases.

e  When the upper surface stiffness of the layer is higher than the lower surface, in other words, as the fh;
stiffness parameter value increases, the separation occurs at the farther point, while the initial separation
loads decrease. If the stiffness of the lower surface of the layer is higher than the top, the separation
load increases, while the layer is separated from the plane closer to the blocks.

e When this study compared to [1] it seen that this solution and ref. [1] are very closed each other.
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