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Approximate solution of the two-dimensional singular
integral equation
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Abstract. Approximate quadrature formulas for the numerical calculation of the two-dimensional Vekua potential and
singular integrals are obtained. The mechanical quadrature method for the two-dimensional quasilinear singular integral
equation with Vekua operators is described. The numerical results are compared with the exact solution of the integral
equation.
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INTRODUCTION

Singular integral equations are used for the solution of widely range of problems of physics and applied mechanics,
particularly in the areas of aerodynamics, fluid mechanics, elasticity (see [1-5] and references therein). On the other
hand, approximation methods for corresponding two-dimensional singular integral equations remain little studied [5-
13].

Consider Vekua potential and singular operators defined by [2]

__Lre) _ L)
Tp= n//szdC’ Sp= n// (C_Z)zdg’ M
G G
respectively.

Our aim in this paper is the construction of quadrature formulas for the numerical calculation of the two-dimensional
Vekua potential and singular integrals and their application for solving singular integral equations.

Some properties of the operators 7" and S are given in [3]. In [7], approximate formula for calculation of the singular
integral S in rectangular domain G was suggested.

Let K={z€ C: |[¢] <1} be the unit disk in the complex plane, and '={z € C: [z| = 1} be the boundary of K.

Case G = K is important for the application. In [5], some grid sets on K were described, but these grid sets do not
permit us to get sufficiently small error in approximation of the singular integral.

In this work, we introduce some grid sets and obtain quadrature formulas for numerical the calculation of the two-
dimensional Vekua integral operators. In application, we apply these quadrature formulas to solve the two-dimensional
quasilinear singular integral equation with above mentioned operators.

APPROXIMATE FORMULA FOR CALCULATION OF T (p|z)

Introduce the sets of grid points

{rk|rk:k‘c., 1 SkSN, NT:1},
{6km | Ok = —+mhy, 0 <m < My, Myhy =21} (M =2k+1).

Define

Dip = {g|§:re"9, n<r<rg,1 <k<N—I, ek,mgegek,mﬂ,ogmng—l}.

It is clear that area of Dy, is 772, Moreover,
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aDk?m =T = 1ﬁlim U l—‘I%m U Fim U 1—‘2

m?

where
FIim = {C &= reiek‘er]’ r <r< rk+1}7
l—%m = {C | C: rk+lei67 ek,m+l > 0 > ekﬁm},
F/::m = {C|C:rei9k'm7rk+12r2rk}7
r;}m = {C | C:rkeiga 9k,111§9§9k,m+1}-
Let K ={z€C: |z] < T} be the disk with radius 7. Note that
Nflefl
K=K:|J U Dim-
k=1 m=0
Introduce the following two sets of grid points
1
ol = Qi;), = {Zm> Ut 1ms Ustmits Gmit] L SKSN—1,0<m <M —1}U{0},
and
2 * * * *
Q¥ = Q(H)L = {Zm Grtms Gt ts st | 1 SESN=1,0<m <M —1}U{0}.
Here,
T = 1€ %M 2t g = 11 €%,

i0 0
Tt L1 = P 1€ gy = rye!omt
h h
TN i+ ) T\ i Otk
szm:(rk_i_i)e( m 2)7Zk+l,’m:(rk+l+§)e( m 2)7

T i(ﬂ, +h—k> T\ (e +
* _ k,m+1 2 * _ km+1 2
Lt lmt1 = (Vk+1 + 5) e s Zemtl = (rk—i- 5) e ( )

To get approximate formula for the numerical calculation value of the integral on Q") and Q). we approximate
function in grid points Q) and Q)| respectively.
Applying a step-by-step approximation of the function p (z), we can write

P(2) = Pim: 2 € Dy Prom =P (ree®m), 1 <k <N—1,0<m<M;—1. ()

Then, we get an approximate formula for the calculation of 7'(p|z) :

— 1 M— 1
T(plz) =T(p|z)= Z Z P Tim (2 3)
=1 m=
where
Tm =
k //sz
km

Using Pompeu formula [3], we can obtain

Tim(z) = { z“‘fk,m(z)a Z € Dy,
" Tkﬁm(Z)v Z ¢ Dk,mv
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where

~ 1 Zk,m—+1 Zk+1,m+1 — 2
T}CJ" (Z) = Th- ’ (Zk—H 1~ Zkem+1 ) +zln| ———
270 | Zkms1 Zkm+1 —Z

+Zk+1,mzk+l,m In (Zk+l,m - Z) Zk+1,m+1
z (Zk+1,m+1 - Z) Zk+1,m

Zikyn Zkm — 2
+M |:(Zk,m _Zk+l‘m) +zIn (L)}

Zk,m Zk+1,m — <

+Zk,m+11k,m+l In (Zk,erl 7Z> Zk,m ,(Z £ 0)7
z (Zk‘m - Z) Zkm+1

Zhk+1,m — Thk+1,m+1

~ 1 Zkym+1
Tim(0) = —o— (2kt1m1 — 1) + Zhr Lom
27\ Zkmr Zht-1m+1

Zk,m

Zkym+1 — Zk,m
+ (Zk,m - Zk+l.m) + Zkemt1 7} .

Zk,m Zk,m

Theorem 1. Let p € Ly(K). For approximate formula (3) of the potential integral T, the following estimate is satisfied

IT(p |2) =T (P |2)l,x < Mr.

APPROXIMATE FORMULA FOR CALCULATION OF S(p|z)

Applying a step-by-step approximation (2) of the function p (z), we can write an approximate formula for calculation

of S(p [ 2): .
N—1M;—
S(p |Z) ~ S(l/)\ | Z) = Z Z pkmSk,m(Z)7
k=1 m=0
where

=

Using Pompeu formula [3], we get

Sk (Z) = 7i Zkm+1 In T+ 1m+1 — 2 N (Zk+l,m+l —Zk,m+l>
" 270 | Zkmi Zhmt1 — 2 (ks tm1 —2) (Zemt1 —2)
n Zkt-1,mTh+1m Tt 1m — Zh+1,m+1 n 1 In (Zk+1,m+1 - Z) Zkt1,m
< (Zk+1,m+1 - Z) (Zk+1,m - Z) < (Zk+1,m - Z) Zk+1,m+1
+ Zk+1,m In Zkeym — < 47z (Zkﬁm — Zk+1 7m)
Tk+1,m Zk+1lm — 2 (Zk,m - Z) (Zk-H‘m - Z)
n Zk.m+1Zkm+1 Zkm+1 — Zkm n 1 In (2 — 2) 2kt (2 £0)
z (zkm—2) (zkme1—2) 2 (kmr1 —2) z%m | | '
1 Zkon+1 § Zk+1m+1 | Tk+1,m3k+1,m 1 1
Sk.m(o) = - i - In + - 5 ) + 5
T Zemt1 Lt Ll Ctlm

Tkt lmy Zhm |, Zhm+1Zkmtl 1 1
+ In + = I il B
Tkl Zhtlom 2 Ymel hkom

“

(&)
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Theorem 2. Let p € L (K). For approximate formula (4) of the singular integral S, the following estimate is satisfied

I5(p 12) = S(P | 2| y) < M.

APPROXIMATION OF SINGULAR INTEGRAL EQUATION

In this section, we apply the mechanical quadrature method to obtain numerical solution of the two-dimensional
quasilinear singular integral equation. We use quadrature formulas (5) and (6) for calculation of the two-dimensional
singular integrals.

Consider the following two-dimensional singular equation

[(@) = m(fl2)S(flz) — w2 (f12)S(flz) = 8(2), z € K, )
where 11, Uy, and g are given functions, px = sup (|t |+ |i2|) < 1.
K

Let [(QW) (j = 1,2) be spaces of the grid functions p*” defined on Q) equipped with the norms

where py, = p(rpe'®%m), reel%m € QU

Let fU) be restriction of the function f(z) on the grid Q) (fU) = f(z), z € QU)) and SV f(z) = S(fz), z €
QU), Jj = 1,2. Applying approximate formula (4), we have the following difference problem for singular integral
equation (7)

‘c )

N1 M1 1/2
_ff|:2 Z |pkm:| P (8)

1 m=1

FO() = P (P15 p () — P (fFPL)5@ V() = g@ (), 27 € @O,

@) -u" VRSO - VsV O @) = 60 (0), e Q0. ©)

For solving difference problem (9), we use the following iteration formulas

2@ = uP (18P 10 @)+ 1w (2198 10 () + 2 (), 2 e QP

@) =115V 2 @) + iV (£ 1SV 2 @)+ (2), z€ @), n > 0. (10)

Theorem 3. Difference problem (9) has an unique solution (f<1),f(2>) on the space of grid points (9(1)79(2)) .
Moreover, sequence { (f,m,f,gz)) }w o defined by (9) has a limit.
n—

Example 1. Consider the two-dimensional singular integral equation

|1 |1 o (2 +2)

mS(le)*mS(f‘Z):ZZ*m,ZEK. (]])

f@)-

It is easy to see that f (z) = zzZ is the exact solution of singular integral equation (11) and the condition pg < 1 is
fulfilled.
Matlab software is used for calculation approximately solution of problem (11). We take fél) (z) =1, z € K for the
initial data.

Table 1 displays error

frgl) _ f,Elf)l Hz @) between approximate solution in current and previous iteration in the
2
norm defined by (8). Table 2 shows the between the exact solution and the approximate solution in various iterations

using norm (8).



TABLE 1. Error between approximate solutions in consecutive iterations

Iteration (1) N=10 N=20 N=40 N=80
1 1.0804 1.0485 1.0309 1.0216
2 29699 x 1072 3.1593x 1072  3.3232x 1072 3.4137 x 1072
3 1.586x 1073 1.9595x 1073 2.3324x 1073 25514 x 1073
4 1.14x 1074 1.952x107%  2.7894 x 10~%  3.3058 x 10~*
5 9.4905x 107 2.3439x 107> 4.1685x 107  5.4144 x 107>

TABLE 2. Error analysis

N=10 N=20 N=40 N=80

Hf;”_f;;gc, iy 18358% 1073 4.0659% 1073 2.0808x 1073 1.0545 x 103

)

CONCLUSION

In the present paper, approximate quadrature formulas for the numerical calculation of the two-dimensional Vekua
potential and singular integrals are obtained. Moreover, applying the result of the monograph [5] the high order of
accuracy quadrature formulas can be presented. The mechanical quadrature method for two-dimensional quasilinear
singular integral equation with Vekua operators is described. The numerical results are compared with the exact
solution of the integral equation.
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