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Note on small singular values of sequences of matrices
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Abstract. In this paper, some sequences of matrices for matrix pencils are considered. Properties of small singular values of
these matrices are investigated. Estimates for singular values are obtained. The result of computer calculations is given.
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INTRODUCTION

Matrix pencils play important role in numerical linear algebra, control systems and signal processing (see, for example
[1-9] and the references therein). In [4], authors revalued the relation between the critical points of approximating the
eigenvalues of matrix pencils and pseudospectra of perturbed pencils. Matrix pencils are also important tools in signal
processing [6].

Let C be an r x s matrix. Decomposition C as with orthogonal matrices U,V and diagonal matrix K with nonnegative
real diagonal elements is called the singular decomposition of matrix C [10]:

C=VKU". €))
The diagonal elements of the matrix K are called the singular values of matrix C and are denoted by
01(C) = ki1, 02(C) =kaa,...,0,(C) = kyy.

Singular values of the matrix C are nonnegative square roots of the eigenvalues of the symmetric matrices CC* or
C*C. Usually, singular values are thought to be ordered, i.e.,

0<01(C) <n(C)<...<0o(0).

Let (A, B) be a pair of m x n matrices. For all k =0,1,...,m — 1, we consider the following sequence of matrices
(1]
A 0 O
A 0
A B A O
F0:|:B:|7Fl: gg 7F2: 0 B A )
0 0 B
A 0 O -~ 0 O
B A 0 -~ 0 O
F=1 ... ... .. . .. 2
o o o -+ B A
o o o --- 0 B

which play important roles in construction of Kronecker canonical form of matrix pencils. This canonical form
provides many applications in control systems (see [2-9] and references therein).

In this work, we obtain estimates for singular values of sequences of matrices (2). We investigate the properties of
small singular values of these matrices. Furthermore, results of computer calculations are given.

The rest of this paper is organized as follows. In Section 2, we present estimates for singular values of Fj. In Section
3, we obtain estimates for singular values of F;. Section 4 is conclusion.
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PROPERTY OF SMALL SINGULAR VALUES OF F;

We investigate small singular values of Fp, F; and define relations between counter of small singular values of these
matrices. From definition it follows that

FO*F():[A*A—FB*B},FI*FIZ[FOFO B*A :|

A'B FiFR
Denote that Ny = min {n,2m}, Ny = min{2n,3m} .

Theorem 1. Assume that oy (Fy), k=1,...,Ny and 7;,(F\), i = 1,...,N; are the ordered singular values of Fy and Fy,
respectively. Let the following inequalities

0<01(F) <on(R) < < 0p,(Fy) <6 (3)

hold for singular values of Fy, where 8 > 0 is a small number and py is a natural number such that py < Ny. Then, for
first 2pg singular values of Fy the inequalities

0<7(F)<nF) < <1 (F) < < Tpy(F1) < /208 (4)
are satisfied.
Proof. Denote
Hyi Hp | 5 Hi Omxcm
H=FF=| 1 H= ,
141 [ le H22 :| [ Omxm H22

where Hyj = Hop = FyFy, Hio = B*A, Oy, is m x m matrix with zero elements.
Let uy, o, ..., U, be the eigenvalues of the matrix H and sy,s2,...,52, be the eigenvalues of the matrix H, here
Ui > o> o> oy > 0,81 > 50 > ... > 52, > 0. By using K. Fan’s theorem [11, 12], we get

k k
Xs,- < Zui ©)
foreach 1 <k <2nand
Zsi =Y (6)

Subtracting (5) from (6) for fixed k, we obtain

2n 2n
NEERN ™
i=k+1 i=k+1

From (7) it follows that the inequalities

Uon < S$2n,y (8)
Wp1 < Hop—1+ Mop < 20+ 5201,

2n

Z MHon—it1-

i=2po+1

IN

Hon—2pp+1

are valid.
First, suppose that m > n. By using definitions of eigenvalues and singular values, we have that

si=AL so=A1, 3=, sa=Ao,...,50m—1 = An, 520 = Ay, 9)
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and

Moo= op(R), h=0p (F),.... A = 01 (F), (10)
Hi Tzzn(Fl)v u2:1’-22n71(F1)7'-~7lJ'ﬂ: 3+1(F1),"-,/.12n=T12(F1). (11)

Applying (3), (7), and (9)-(11), we have

Top, (F1) < 0 (Fo) + 07 (Fo) + 03 (Fo) + 05 (Fo) + - + 6, 1 (Fo) + 6,1 (Fo) + 6, (Fo) + 0 (Fo) < 2poS°.

Hence, from these inequalities the required inequalities (4) follows for the case m > n.
Second, suppose that m < n. There are three subcases:

2m < m (12)
2m > nand3m <n; (13)
2m > nand3m>n. (14)

Let us consider subcase (12). We have 3m < n. From definition of singular values it follows that formula (9) is valid.
Hence, we get

M=2p1=...= A1 =0,
Jom =01 (Fy), doms1 = 63 (F), ..., M = 03, (Fp), (15)
Mon = Hop—1 =+ = Wamy1 =0, NSm:T%(Fl)a (16)

H3m—1 = T22(F1)a'-- Y1 = T:%m(Fl)

Applying (7) for k =2n—1,2n—2,--- ;3m —2po — 1 and inequalities (9), (15), (16), we have that inequalities (4) are
valid.

Now, we consider subcase (13). By using definition of singular values, we have (9), (10), (15). Applying (7) for
k=2n—1,2n—2,--- ,3m—2pp — 1 and inequalities (3), (9), (10), (15), we get (4).

Finally, we consider subcase (14). By using definition of singular values, we obtain (9)-(11). In a similar manner as
case m > n, we can get (4). The proof of Theorem 1 is completed. O

PROPERTY OF SMALL SINGULAR VALUES OF F;

Consider F; ,1 <1 < m. Denote N; = min{(/ + 1)n, (I4+2)m} . It is easy to get

* F Ry O Onix
F'F = ! ]* * ) = i g )
1 1l Q[ F()FO Q[

where 0, is nl X n matrix with zero elements.

Theorem 2. Suppose that 6;(F;—1) (i=1,...,Ni_1), \(Fo) (k=1,...,No), and t;(F}) (j=1,...,N;) are the ordered
singular values of F;_| and Fy, respectively. Let the following inequalities

0<01(F-1) <0 (Fi—1) <+ < 0p,_ (Fi—1) <0,

0<m(Fo) <m(Fo) < <Mpy(Fp) <8 (17)

be satisfied for singular values of F;_y and Fy where 6 > 0 is a small number and p;_1 is a natural number such that
pi—1 < Nj_i. Then, (p;—1 + po) first singular values of F; are small and the inequalities

0<n(F)<nF) < <1 (F) < <t 4p(F) < \/Pr-1+pod

are valid.
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Consider Fy, 2 < k < m. Denote Ny = min{(k+ 1)n, (k+2)m}.Let 0 <[, g < m, such that [ + g < m. We can
obtain i
F'E R On(141 On(11 1
Frgtl Tt { Py FoFq } 1 { B'A Onxn(g+1)
where 0,74 1)xn(g+1) 18 n({ +1) X n(g + 1) matrix with zero elements.

Theorem 3. Assume that 6;(F;) (i=1,...,N;), M(F,) (k=1,...,N,), and T(Fi1q+1), (j=1,...,Nijgs1) are the
ordered singular values of F;, I, and Fy, respectively. Let the following inequalities

0<o1(F) <on(F)
0 <mi(Fy) <m(Fy)

< GP](E) < 67

S..
<<, (F) <8

(18)

be satisfied for singular values of F; and Fy, where 8 > 0 is a small number and py is a natural number such that
pi < Ny. Then (p;+pg) first singular values of Fiyq441 are small and the inequalities

0< Tl(Fl+q+1) < T2(Fl+q+1) <. < Tp,(Fl+q+l) <. < Tp,+pq(Fl+q+l) < \/pl+pq5
are satisfied.

Now, we shall consider the following example:

n=4 m=5 A=

SO O~
SO =0
o= OO
S oo O
[eNeNele]
SO O
S oo O
[eNeNele]
SO OO
— o = O

Matlab software is used to calculate the singular values of sequence matrices. Table 1 presents singular values of
Fy, 11, P2, F3.

TABLE 1. Singular values of matrices

| Singular valuesof /iy | 0 | 1 | 1 | 14142 | 14142 |
Singular values of F} 0 0 0.61803 1 1
1 1 1.4142 1.618 1.7321
Singular values of F; 0 0 0 0.44504 0.61803
1 1 1 1 1
1.247 1.4142 1.618 1.7321 1.8019
Singular values of F3 0 0 0 1.282e-016 | 0.44504
0.44504 | 0.61803 1 1 1
1 1 1 1.247 1.247
1.4142 1.618 1.7321 1.8019 1.8019

For small number § = 1.3-107'% we have py = 1, p; =2, p» =3, p3 = 4. As it can be seen from Table 1, numbers
of small singular values for matrices Fy, Fy, F>, F3 are 1,2,3,4, respectively.

CONCLUSION

We consider some sequences of matrices for matrix pencils. Properties of small singular values of these matrices are
investigated. Estimates for singular values are obtained. Example with computer calculations is given.
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