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Abstract

The difficulty of producing functionally graded materials (FGM) and the fact that they are more expensive
than homogeneous materials emerge as an industrial problem. The starting point of this study is to investigate
alternative solution methods that will contribute to the mentioned problem. In parallel, the analysis of the
contact problem for a layer, which is loaded by a rigid block and resting on the elastic half plane, is presented
in this paper. Only the area under the block is considered as FGM, the other parts are considered
homogeneous material, unlike the studies in the literature. There is no analytical solution for this study and
it is compared with the solution which is completely functionally graded (FG) layer in the literature by using
finite element method (FEM). Material properties of the FG layer are defined by the macro added to the
ANSYS program. The analysis for the partial FG layer were compared with the completely FG layer analysis
as figures and tables, and as a result it was predicted that partial FGM could be used for the static problems
and may also be practical applications in the industry.
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1. Introduction tanks, etc., have shown developments with the
gradual release of homogeneous layer or types of
soil over time to functionally graded (FG) layers or
soils, and now they have found a broader scope of
application in aviation, electronics, energy,
chemical engineering and optical materials [1].
Functionally graded materials (FGM) are the
materials that consist mostly of two or more
materials and the volume fractions continuously
change along certain directions. While the absence
of separate internal borders effectively reduces the

Contact problem studies first started in 1882 by
Heinrich Hertz. These studies get earned big
developments from that time and they are still
keeping their importance. The fact that many
structural and mechanical system elements are in
contact with each other is one of the most important
reasons for this condition. These studies, which in
the past have made important contributions in the
fields of highways, railways, foundations, fuel oil
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interfacial stresses, the gradual change of the
material properties is very advantageous in that the
components achieve the desired performance.

Comez [2] was examined the contact problem
of a functionally graded layer loaded by a
cylindrical punch which applied a concentrated
force in the vertical direction and supported by
Winkler foundation. Calculations were made
assuming that the Poisson's ratio was constant and
that the modulus of elasticity changed over the
thickness of the layer. Giiler et al. [3] solved the
frictional contact problem with analytical and
Finite Element Method (FEM) for a FG orthotropic
medium. There are many studies about FG soil in
the literature [4-14]. Due to the long duration of the
analytical solution of the contact problem and the
advances in computer technology, a number of
approximate solution methods have been
developed for the solution of contact problems.
FEM is one of the most commonly used method.
Firstly, [15] developed a solution based on FEM for
the plane contact problem of elastic bodies. Then,
many researchers have solved the contact problems
by using FEM [16-25]. Besides, in recent years, the
studies have increased that analytical results are
compared with FEM results of contact problems for
FG layers [26-32].

Despite the advantages of FGMs, there are a
number of disadvantages such as feasibility and
cost. In this work, it was assumed that only the area
under the block is functionally graded. The results
were compared with the problem [13]. The main
purpose of the study is, to examine the differences
between using FGM only in areas of contact
interaction and the use of FGM in the entire layer
in static problems.

2. Definition of the problem

The continuous contact problem of a composite
layer which has a height of "h" and resting on an
elastic half-plane, was solved by using FEM. The
composite layer consists of homogenous and FG
parts. For the layer loaded with "2a" wide rigid
block, only the bottom of the block is FG, and the
rest of the layer is considered as homogeneous. FG
part is considered as isotropic and non-

homogeneous material and the shear modulus of
the layer is g (y) = y, e”, while its density varies

in the form of p,(y) = p,€””. Where, g,and p,

represents the shear modulus and density on the
upper surface of the FG layer, respectively. g and

y are the inhomogeneity parameters expressing

change in depth. For all analyzes, the material
properties of the homogenous parts of the layer
were selected same as the material properties of the
bottom surface of the FG layer. In addition, it was
assumed that all surfaces were frictionless in the
problem and the body forces of homogeneous part
of layer were considered as pgh in the solution.
Where, p is the mass density of homogeneous layer,
g is the gravity acceleration. The geometry of the
contact problem is given in Fig. 1.

Homogeneous

Elastic Half-Plane

Fig. 1. Geometry of the problem

3. Solution with finite element method

Finite element method (FEM) is a method
developed for solving problems in various subjects
such as elasticity, structural analysis, thermal
analysis, encountered in various engineering
branches such as machinery, construction and
aerospace engineering. Basic approach of FEM is
to convert any continuous magnitude, such as
temperature, pressure, strain, deformation or
displacement into a model formed by the joining of
small and continuous parts. The main structure is
divided into many elements whose behavior has
already been determined in FEM. Equation system
are obtained by reassembling the elements at the so-
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called "node". In this process called mesh, the
problem is simplified by processing on many small
subparts instead of the whole of the problem. In this
paper, the finite element model and analysis of the
problem was performed by using ANSYS [33]
package program. In modeling, the body forces of
the layers were considered, but the friction forces
between the block and the composite layer and the
elastic plane were neglected. Linear, elastic and
isotropic material were used in all parts of the
model. Determining the element type is important
in terms of obtaining correct results in solving the
problem. Due to this study is a static and 2-
dimensional plane problem, PLANE183 with 8
nodes is used as the element type. The PLANE183
has second order displacement behavior and is very
suitable for modeling irregular networks. In
addition, for each node, it has a degree of freedom,
in the x and y directions, and has no freedom of
rotation.

In order to define the material properties of the
FG part of the layer according to the exponential
change and the mesh process, a macro was used that
was specifically added into the ANSYS program
[30]. In this macro, the material properties are
defined as follow:

*create, fgm_material

/nopr

y_coord = argl

E_fgml=E_tI*EXP(B*y_coord)

E_fgmp=E_tp*EXP(A*y_coord)

den_fgm = dens_t*EXP(G*y_coord)

/gopr

*end

Where, the * create command is used to create
a macro for a layer of FGM, and y_coord = sets a
variable named argl. In the study, while modeling,
the surface-surface contact model was used because
of the solution of the points in case of not
overlapping of the nodes. In 2D modeling, contact
pair is formed, the target surface is defined by the
TARGE 169 element and the contact surface by the
CONTA 172 element. Non-deformed parts in other
words the more rigid parts are selected as the target
from contacting surfaces. The elements
TARGE169 and CONTAL172 are elements
comprising three nodes, the nodes overlapping the
nodes on the surface of the PLANE 183 element.
Various contact algorithms such as Penalty
Method, Lagrange Multiplier Method and
Augmented Lagrange Method are available
depending on the type of problem in solving elastic
contact problems within the ANSYS program. In
this study, the Augmented Lagrangian Method,
which uses the total potential energy theorem as the
contact algorithm and gives better and faster results
than the other algorithms, is preferred. The finite
element model of the problem is as in Fig. 2.

Rigid Block

Homweorcons RS s

Homogenesus

Pt GM's Part Fart

Elnstic Somi Half-Plawe

Fig. 2. Finite element geometry of the problem
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4, Results and discussions

In this paper, a continuous contact problem for a
layer, partly composed of FG material, was
performed using FEM. This study has a big
difference from the previous studies with its
composite property. The examined layer resting on
elastic plane was considered as FGM only under the
block and all other parts were accepted as
homogeneous. Therefore, the problem was solved
for different shear modulus (p) by using stiffness
parameters (Bh), block widths (a/h) and density
parameters (vh). The results were compared with
the analytical solution which was obtained by Oner
et al. [13] and they are given as graphs and tables
comparatively.

The dimensionless contact stress distribution
obtained based on the change of the block width is
given in Fig. 3. In this analysis, the bottom surface
stiffness of the layer is greater than the upper
surface stiffness. In Fig. 4, various analyzes are
performed depending on the stiffness parameter.
Where, three different conditions are investigated
for FG layer. Firstly, the top of the layer is 5 times
rigid than the bottom, the second is thought to be
homogeneous and the third is 5 times less rigid. Fig.
5 shows the ratio of shear modulus of FG layer to
that of elastic half plane. Where, the shear modulus
for FG layer is considered to the shear modulus of
the bottom surface. In this analysis, the bottom
surface of the FG layer is chosen as 2 times rigid
compared to the upper surface. In Figs. 3 and 5, it
is observed that the results obtained from the partial
FGM layer were very close to the results obtained
with the completely FGM layer. However,
differences are observed in Fig. 4. If the stiffness
increases from top to bottom, the under-block stress
is lower for partial FGM. Nevertheless, if the
stiffness decreases from top to bottom, there is an
increase in the stresses under the block compared to
completely FGM.

Figs. 6-8 shows the dimensionless  stress
distributions that occur between the elastic semi-
infinite plane and the layer. In Fig. 6, the
dimensionless contact stress obtained by increasing
or decreasing the block width was examined and
compared with the analytical result. In Figs. 7 and

8, for the inhomogeneity parameters Ph and vh,
partial FGM and full FGM were compared and
stress distributions were shown. As can be seen
from Figs. 6 and 7, similar to the stress distributions
under the block, the results of the stress distribution
between the elastic plane and the layer are too close
to each other.

***** (1) a/h=0.5 Analytical Solution
(1) a/h=0.5 Partial FGM

3 o s (2) a/h=1 Analytical Solution
! (2) a/h=1 Partial FGM

| (3) a/h=2 Analytical Solution
(3) a/h=2 Partial FGM

x/a
Fig. 3. Dimensionless stress distribution under block
depending on block width (a / h) (x1=x2=2, ph=-0.6931,
ww/pe=1, h=1, po=1, y=0)
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Fig. 4. Dimensionless stress distribution under block
depending on inhomogeneity parameter (Bh) (k1=k2=2,
a/h=1, p-n/p2=1, h=1, po=1, y=0)
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Fig. 5. Dimensionless stress distribution under block
depending on shear modulus (p) (x1=k2=2, a/h=2, Bh=-
0.6931, h=1, po=1, y=0)
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***** (1) a/h=0.5 Analytical Solution
1 (1) a/h=0.5 Partial FGM

(2) a/h=1 Analytical Solution
(2) a/h=1 Partial FGM

(3) a/h=2 Analytical Solution
(3) a/h=2 Partial FGM

x/h
Fig. 6. Variation of the initial separation point and the
initial separation distance depending on the block width
(a/h) (k1=x2=2, Bh=-0.6931, yh=1.0986, pn/p2=1, h=1,
po=1, y=-h)

However, Fig. 8 is examined, if density of bottom
surface of the layer is higher than the upper surface,
the stresses are lower in the case of using partial
FGM. When density of upper surface of the layer is
higher than, the completely FGM results are better.

Figs. 9 and 10 show the dimensional contact and
o, ! p,gh stresses obtained from finite element

analysis.

Fig. 7. Effect of the inhomogeneity parameter (fh) on the

stress distribution (x1=k2=2, a/h=2, yh=1.6094, p.n/p2=1,
h=1, po=1, y=-h)

77777 (1) yh=-1.0986 Analytical Solution
(1) yh=-1.0986 Partial FGM

***** (2) Yh=0.0001 Analytical Solution
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Fig. 8. Effect of change of density parameter (yh) on
initial separation point and distance (k1= «2 = 2, a/h=1,
Bh=0.6931, p-n/p2=1, h=1, po=1, y=-h)

Table 1 shows the effects of the stiffness parameter
(Bh) and density parameter (yh) on the initial
separation loads and distances. In all analyzes, the
material properties of the homogeneous layer are
considered equal to the subsurface properties of the
FG layer. In the case where the bottom surface of
the FG layer is more rigid, the initial separation
point is occurred further away compared to the
completely FG layer. When the density and
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stiffness of bottom surface of FG layer is increased
together, the initial separation load is close to each
other. If the bottom surface of FG layer is selected
to have high stiffness and low density, the partial
FG layer is more easily separated from the elastic
half plane compared to completely FG layer. When

density of bottom surface and stiffness of upper
surface of FG layer are selected to be high, the
separation occurred closer to the block. However,
the load that will start the separation has been too
high.

Fig. 10. Dimensionless o, / p,gh stress distribution after finite element analysis of the problem
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Table 1. The effect of the changes in inhomogeneity parameters (Bh, yh) on the initial separation loads and distances

(k1= k2=2, a/h=2, p-n/po=1, h=1, po=1, y=-h)

Bh
-1.3863 0.0001 1.3863
vh Oner et al. Oner et al. Oner et al.
Present [13] Present [13] Present [13]
Xer Acr Xer Acr Xer Acr Xer Acr Xer Acr Xer Acr
-1.0986 4.35 80483 4.14 82935 450 967.82 453 59348 470 1139.82 5.12 508.20

0.0001 4.35 264.64 4.14 45555 450 318.85

1.0986 4.35 7931 4.14 27645 4.50

96.58

453 32599 4.70 37635 512 279.15
453 19783 4.70 115.06 5.12 169.40

5. Conclusions

In this paper, unlike the literature; taking into
consideration the production difficulties and costs
of FG materials, the feasibility of using FG material
only in contact regions was investigated instead of
the whole layer. The analysis of the layers
consisting of both partially and completely FGM
are examined with the figures and the table,

» When stress distribution under the block is
examined, no significant difference is
observed for block width and shear modulus
changes. However, differences are observed
for the stiffness parameter. If the stiffness
increases from top to bottom, the under-
block stress is lower for partial FG layer. In
this case, it can be said that it is more
advantageous if the layer is partial FGM.
However, if the stiffness decreases from top
to bottom, there is an increase in the stresses
under the block compared to completely FG
layer. For this condition, it is more
advantageous to use completely FG layer.

» When the stress distributions between the
composite layer and the elastic half plane
are examined, there are no significant
differences for the block width and stiffness
parameter. When the change of the density
parameter is examined, if density of bottom
surface of the layer is higher than the upper
surface, the stresses are lower in the case of
using partial FG layer and it is advantageous
for this condition. If the density of upper
surface is higher, the completely FG layer
results are better.

If the upper surface stiffness and the bottom
surface density of the FG layer are
considered higher, it can be seen that the
layer is rather difficult to separate from the
elastic plane compared to completely FG
layer. However, for FG layer; if bottom
surface is more rigid and the upper surface
is denser, the separation is much easier.
When the difficulties in the production
process of FGMs and economic factors are
considered, with this study, it was concluded
that partial FGM can be used only in the
contact regions with static problems. Hence,
it is thought that effective results can be
obtained in less time and with less cost in
industrial areas.
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