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Abstract. The purpose of this paper is the construction of second-order of accuracy quadra-
ture formulas for the numerical calculation of the Vekua types two-dimensional potential
and singular integral operators in the unit disk of complex plane. We propose quadra-
ture formulas for these integrals which based on first-order spline approximation of two-
dimensional function. MATLAB programs are used for numerical experiments in test
examples.
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1 Introduction

Two-dimensional potential and singular integrals in the circle of complex plane are
used to solve widely range of models in applied mechanics and various branches
of physics (see [1-13] and references therein).

In paper [3], the first-order of accuracy quadrature formulas for the numerical
calculation of the following two-dimensional potential and singular integral oper-
ators in the unit disk of complex plane

L[] B s L[] B

where K = {z € C : |z| < 1} are considered. These operators were introduced
by L. Vekua [13]. Some properties of operators 7" (p|z) and S (p|z) are described
in [10, p. 198-210]. In particular,

oT (pl2)
0z

oT (p|z)

=S (plz), 5% p(z),z € K (1)
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Approximation of potential and singular operators 69

are given. Our purpose in this paper is the construction of second-order of accuracy
quadrature formulas for the numerical calculation of the operators 7" (p|z) and

S (plz).
Following [3], we will use grid sets for the unit disk K in the complex plane.

First, we introduce the following notations:
[Oyl]T:{Tk|Tk:kT, 1§]€§N, NT:l},
[*Wﬂf]hk = {ek,m | Opm = —m +mhy, 0 <m < My,
Mkhk:?ﬁﬂ',Mk:zk—f—l,l SkSN}7KT:{Z€ C : ‘Z‘ <7—}’
K, ={z€ C:|z| <n},1<k<N;H, =K, —K,.

These notations permit us to write

N—1 N—1 Mp—1
K=K #.=5-JU U Drm:
k=1 k=1 m=0

where domain Dy, ,,, is defined by

Dim ={¢l¢C=re?, ry<r<r, 1<k<N-1,
Orom <0 < Opmi1,0 <m < My — 1}

with boundary 0Dy, ,, :

aDk,m =Igm = Fllgm U l—%m U Fim U Fim ’

I, = {¢|¢ =refmi r<r<rg},
7. = {C|¢ = rer1€?, Opma1 =0 > O},
Fim = {(’( = rerm, The] > T > rk} ,
l—ém = {C |(: = Tkelev 6k,m <0< 6k,m+l}
and its four corner points are
k, ; k, '
200 = rpefrm 2o = g€ fem, 2
Zf:lrn = ’r‘k+lel6k,m+l’ Z(])c:In: ’]"kezek,m+l
forany 0 < m < M, 1 <k < N.
Second, we introduce grid points
) il 0 ,rnf‘"hf]c k, il 0 7m+h7k
b= e+ ) L)t = (4 L)
k7 i 0 ,m +h7k ]{J, 7 0 m +h7k
Zilm _ (Tk;+1+%)€( k,m+1 2) 723,1m _ (Tk-i-%)@( kym+1 2)
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70 C. Ashyralyyev and S. Efe

in which the approximate values of 7" and S will be calculated and denote by Dy,
corresponding small domains with four corner points. Thus, we have two sets of
gridpoints Q1) and Q) defined by

km  _km  _km _km
:{zw , oim ghim ks |1§k§N—1,0§m§Mk—1},

xk, *k, *k, *k,
= {ZOOm’ zmm, zl,lm, zo,lm N<k<N-1,0<m< M- 1}.

2 Spline approximation

In this section, we describe approximation of complex valued function p by the
first-order splines in two variables z and zZ. From z = z 4+ iy, Z = © — iy,
it follows = 5%,y = 2=, So, applying first-order two dimensional splines
in variables x and y, we have the following approximation (see [2, p.12, formula

(1.16)]):
p(z) = p(2)=agmz + bkmZz + ckm(z2—22) + dim 5, 2 € Dy, (3)

where unknown coefficients axm,, bxm, Ckm , dgm  are defined by given values of
p at four corner points (2). Hence, we get linear system equations

k,m k,m k,m 2 k m2
p (2'0:0 ) = Gkm %y + bem 29 + Ckm (Zofo ) — %o | T dim,
k,m k,m [ k,m 2 k mz—
P (21:0 ) = Qpm, Zl,’O + brm, zZig + Ckm (ZI:O > — Zl,’O + dim,
4)
k,m km [ km 2 k mz-
P (Zl,’l ) =agm 2| T bkm 211+ Ckm (lel ) -z |t i,

k,m k,m k,m [ k,m 2 k m2
P (2"0:1 ) = Akm Z():l + bkm Z():l + Ckm <Z():1 ) — 2y + dim.-
Solving (2), we obtain coefficients ag,, bk, Ckm, and dg,, as follows:
2 — 2 —
_ Q—l . Tk,m . Zk,m . Zk,m - T_k,m . Zk,m . Zk,m
Ak,m = Wpom 0,0 0,1 1,0 0,0 1,0 0,1

km k,m 2' k,m_|_ km k,m 2. k,m+ km k,m 2. k,m
—To,1 20,0 210 TTo,1 21,0 200 TT10 20,0 20,1
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km\2 Tk, km km %
211 —Toa 21,1 200 — T, 20,0 20,1

,m 2 k,m k,m k,m 2 k,m k,m k,m 2 k,
Zoo0 T (%o 200 —Too (%10 21

k,m k,m k,m
+r (2071 ) 210 ) , 5)
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72 C. Ashyralyyev and S. Efe

kom _km k,m 2_ km _km k,m 2_ km o _km
101 " %00 21,0 To,1 %10 20,0 1,0 " %00

+ km _km k,m 2+ km _km k,m 2_ km _km k,m
10 " %0,1 -\ 0,0 T0,0 " %0,1 21,1 To0 " #1,1 20,1

k,m k,m k.m 2 k,m k,m k,m 2 k,m k,m k,m
—To1 %00 (%11 ) tTor A (%00 ) T 200 2o
— 2 —\ 2
k,m k,m k,m k,m k,m k,m k,m k,m k,m
T %00 (%00 ) T Too 1o \Fin ) TToo i -\ Rio

k,m k,m k,m
+r0 %00 21

k,m k,m k,m
T *10 (20,1 ) ) ) (6)
_ —1 k,m k,m . km — km k,m m _km k,m k,m
Ck,m = em o \T00 %01 %10 —Too "F1,0 40,1 To, "20,0 71,0

+ km _km k,m+ km _km _km _ km _km _km _ _km _km _k,
To,1 10 "%0,0 “%0,1 —Tonr “*0,1 "*00 —Too R0 A,

4 gl Ckm  kmo o _kmo o kmo  kmo o kmo o _km
To,1 " 200 41, Toq "21,1 %00 — "1 "R00 40

km _km _km + km  _km _km _  km _km _km _ _km _km _km
T %01 %00 tToo R0 A1 Too "*1,1 "*1,0 —T1,0 0,0 " *0,1

k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m
trio F %0 T R0 CF10 T T CF10 %00 —Tor TR0 A0

+ k,m km _km + k,m k,m o km k,m mokm k,m s
Toq "?1,1 41,0 TTLo “Ro1 "Rl 1o "%1,1 A0, 11 "%, T A1,0
k,m k,m k,m
T 210 R0 ) ; (7
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k,m k,m k,m k,m k,m k,m k,m m
oo “%0,10 (%10 | "*1,1 —Too “Foq1 C\ A1 21,0
2 2
km k,m L km kmo k,m Ckmo _km
21,0 1,1 20,1 70,0 20,1 210 *1,1
k,m 2 k,m km  km k,m 2 k,m k,m
20,1 A1 7*10 —Too T \FL0 ) AL o
k,m k,m 2 k,m k,m k,m k,m 2 k,m
Zo0 “\Z10 ) A1 TTor 0 (A1) Fip
k,m k,m 2 k,m k,m k,m 2 k,m k,m
Zio (i) 200 t 7ol (%00 210 A1
k,m 2 km _km + km k,m 2 Ckme_km
20,0 211 41,0 T 7o 21,0 211 %00
km k,m 2 L km kom  km k,m 2 k,m
20,0 * (%0,1 2110 — "o %00 21,1 20,1
k.m k,m 2 k,m km k,m L km k,m
20,1 21,1 200 — "o %00 20,1 41,1
k,m 2 k,m k,m k,m k,m 2 k,m k,m
200 ) “*1,1 "*o1 —T10 "\ o, AL 0,0
k,m k,m 2 k,m k,m k,m k,m 2 k,m
20,0 " \*0,1 Zip T %00 \RFilo ) ol
k,m k,m 2 k,m k,m k,m 2 k,m k,m
20,1 " \*1,0 20 T 20,0 20,1 " *1,0
k,m 2 k,m k,m m k,m 2 k,m k,m
20,0 Zio "o TTi R0 210 %00
km _km k,m 2 k,m k,m k,m 2
20,1 *#1,0 21,1 o0 "%0,1 " \*1,0 21,1 )
k,m k,m k,m 2 k,m k,m k,m 2 R
1o “%oa \F1 ) TToo cFio 2o 21l
k,m k, k,m 2 L km k,m k,m 2 ,m
211 " %00 T \*10 Too %11 " ?o,1 21,0
km _km k,m 2 k,m k,m k,m k,m
Z00 210 " (%11 ) TTor 200 (%10 21
km k.m km\2  km k,m k,m 2 km
10 "F00 C\F1L1 Too %10 “ (%00 ) “*11
kom K, e\ | km  _km  (Em\> _km
21 200 (%10 ) tror A (%00 ) F10
ko Em (em\: _ km _km (CEm\® K
20,0 " “0,1 21,1 1,0 20,0 20,1 1,1
k,m k,m k,m 2 k,m k,m k,m 2 m
201 %00 \F11 ) tTrio %01 \Roo ) A
km _km k,m 2 _km _kmo k,m 2 Lk
11 %00 (ol o “#L1 %00 0,1
k,m k,m k,m 2 + km _km k,m 2 k,m
20,0 " 0,1 21,0 11 %00 20,1 21,0
k,m km k,m 2 km _km k,m 2 L km
20,1 " ?0,0 20,1 1,1 0,1 0,0 1,0
ke Em(CEm)? Lk k| (CRm)? CRm
210 %00 "\ *o0,1 11 2410 " (%00 20,1 | >
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V4
2 km _km k,m km _km k,m km _km
“Zo1 F10 T 200 "210 %01 — (R0 T 21,0 %0,0

k,m k,m 2 k,m km ( _km 2 k,m k,m k,m 2 k,m
20,0 "\ 0,1 21 T 20 (Zih ) 200 — 21 (F1ih ) #o0
m

_ km k,m L kmo  _kmo_km
21,0 -\ %0,0 20,1 20,0 **0,1

km _km k,m 2 k,m k,m k,m km _km k,m 2
—Z10 %00 "\ %11 ) T2 - %0 21 2 200 Z1)0
k,m k,m 2 k,m km _km k,m 2 k,m k,m 2 k,
—%1,1 -\ 00 10 ~ %01 *10 T (*11 + 201 -\ %10 211
+ km _km k,m 2_ k,m k,m 2 km m _km ,m
21,0 0,1 1,1 21,0 -\ %0,1 21,1 21,1 0,1 21,0
2

3 Approximation of T’

In this section, we give quadrature formula for potential integral T". By using spline
approximation of p in the domain Dy, ,,,, we have

N—1Mp—1 _
~ d d
Tl = -2 Y 5 arm & + b [
k=1 m=0 Di.m

k,m

=) d¢
+ Ck,m ff (Cf») + dk7m ff Cd—cz
D D m

k,m
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Approximation of potential and singular operators 75

N—1Mj—1
=2 3 (kT () + e, (2)
=1 m ’ (9)
+cemTy ,, (2) + dpn Ty, (2) ) ,
where
Te, (2) = =% [[ 5, T}, (2) = —% [f ¢%,
Dk,m k,m
. LS d
T o) = 2 CE ) gy
Dk,m Dk,m

Let us evaluate T}', . By using Pompeu formula (see [13, p. 26, formula (4.15)]),
two-dimensional integral can be reduced to one dimensional integral on boundary

I's. .. From identit 2 _ onT'L it follows that
) y ¢ k,m

@ «
)= / i = e 1o
(-2 Zl J ¢
rl;,m = Fim
In sequel,
N < - 2
Tin () = | &Ldg=e0n [ £
o, Bm
e~ 20km [ 42—2 22 ¢
r}c,m,
— ¢ 20k,m f Cc_i d¢ + 2 f (d—Cz (n
r}c,m r}g’m
S
= et [§ 420422 In(C - )] 2
20,0
2 2
Zk’m (zﬁbm) ( ée(;m) k.m k.m 2 Zk m__,
:zz“zm l 7 T o tEE) — 2z t27In Z(llf,’sm—z .

We have (¢ = rp 1€ rp e = 7., on Fi’m. Thus,

a,2 _ ¢ ) d¢
Ty (2) = 2f ez dC= e 2f =z
I: Iz
kymzknn & Tkmzk,m . (12)
2 1,1 ,m m 1
=Tjp In(C = 2)| ¥ = Z1p Z1p In }v,lm_
21,0 210
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For any ¢ €I’
So, we get

7.m>» the relation (¢ = relkm pe=Whm = 2 = (2 ¢=20%.m ig trye.

Tin (2) = [ &5 d¢=em [ E22E2 g
3

k,m R (—=z
5. T,
—24 2
=e M | [ ((H2) di+ [ ZdC (13)
o, r
k,m k,m 2 5 2 k,m
L 20,1 211 k, k, 2 %
— zk*]’" < 5 ) - ( 5 ) + 22y — 22+ 221n 72‘,1,',”72
1,1 1,1
Since (¢ = rpefrye " = 7‘/,2c = ZkmZk,m ON l'“;; m » We get
a,4 _ o gr— 2
Tom (2) —ﬁf oz dC = Tkﬁf

k- k Z, —Z
:ri(ln(g—z)) %Om— Oénzog)nln 20—,
20,1 ,1

s

By virtue (10)- (14), we have formula

kom) 2 kom) 2
an |G) (=0) by -
a 0,0 ) ) k,m km 2 1,0
T (2) = Eom 5 5 + 227y — 22y +2 In "
20,0 200 —
k,m p km P
km _k,m 1,1 km _k,m 0,0
+21 21 In Z + 200 %00 In o
10 —* 01 T F
Som | km? (Zf;n) Lom
1,1 0,1 ) k, k, 2 0,1
+—= I +z207{"—zz171m+ 22| ——1|. (15
211 i1 TR
In a similar manner, the following formulas for
b : valve
Ty m (2), Tf, (2) T m (2) can be obtained respectively:
1 Zk,m 2
_ 0,0
71 () =4 45)
s 0,0
k,m k,m k,m
21,0 0,0 , k, N =z
X ( > ) - ( > ) +zzlgl—zz076n+zz In | 55—
0,0
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TV GG ek
1 0,1 0,1 _ o\t mo_ ,m 2 0,1 —
+3 < Z!f’lm) 5 s tz2z) —zzjp +2° In e (16)
T & (Zk,miz>zk,m
1 m_k,m 1 0,0 0,1 1 1 1
+f( 200 20 ) - In e o —
A R €T FT T AR T AR TV

0,0 ,0
(Z(I)Ca’m> k k Zk,m
—z = + 22 (zl o — % ’m) + 23 -
: T

k,m k,m Zk,m) <Z ,m) <Z ’m)z (17)
20,1 1{ %1 0,1 1,1 0,1
+ (zk’m> _3<zk’m> 3 - +z
0,1 0,1
Zk’m>2 & k k,m
1,1 2 ,m ,m 3 20,1 —*
—z + 27|z —z + 22 In |
2 ( 0,1 1,1 ) R,
3
k, k.m _k,m
+ km _k,m km  _km +zIn Zo,om*Z . <ZO,0 20,0 )
20,0 20,0 20,0 T 20,1 z SR 3
0,1
1 %0 1 1 1
0,0
X _; : ln k,m + 27 kE.m — _k,m
20,1 20,0 0,1
,m
1 1 _ 1 1 0,0 —*
+3 o 2 PR + 23 ln< k,mz> )
(Zoo ) (‘701 ) 0,1
d Zk,m k L k,m_z
_ %00 ,m m 1,0
Tim(2) = |:Zl,0 — 2 tzIn=5 }
20,0 0,0 —
(Zk'm Z) k,m
km _km1 1,1 1,0
RN RSN e oo (18)
210 —%)%1,1
Zk,m & i k:,7niz Zk,mzk,m (Z() ,077172> z(/;,]m
1,1 ,m ,m 0,1 0,0 %0,0 ] ,
+%m |21 — 4 tzlngm + == k o
211 ’ L1 = <20,71 _Z>Zo,b
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Finally, we get an approximate formula

1 M—1

T (plz) ~ ZE:QM o (2 b T2, (2)
+ermTi  (2) + diem T, (z)) .z e Q@)

where coefficients ay ,, bk,m, Ckm, di,m and integrals T,‘:’m, Tb . T¢ . and

k,m> “km>
ng,m are defined by (5), (6), (7), (8) and (15),(16), (17), (18), respectively.
4 Approximation of S

In this section, we present quadrature formula for singular integral S. Applying
spline approximation of p in the domain Dy, ,,,, we have

—1 My—1

S (7l2) z 2 (@hmSEn(z) + b Sh(2)

+ Ckvmsk,m(z) + dkvm‘sg,m(‘z)> ’

where
a _ 1 <d< Sb _ 1 {d¢
i { @ Sim () = =2 I
Stn @) = -4 1y £ ) S () = L]
Dk?n Dk,'nL
From (1), it follows that
a dT ( ) o1 | (2)
Stm () = 520 5 (2) = T,
. aT (z) oy, (2)
Sk (2) = Sd m(2) = =g

Applying (15), (16), (17) and (18), we get

Z,
St (2) = B

’ km_
X [zf(;n—zoo + 2z1In < X Z) —z (km —k,}l>]
Zo,o - 210 20,0 (19)

km _km 1 1 km _km 1
+210 %10 [ R, Zk,m_z] + 200 %00 { Fom ]

km km
+%{z§f”—zll +2zln<‘,1 ) 2( — z)],
1
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Approximation of potential and singular operators 79

1 2a" (20)
2 Zk,m
0,1
— ) +

k,m
3 %00 —* 1 1 1
_27 : ln < k.m ) + ? . < k,m - "k,m ) } 9 (21)
Zyy =2 zyy % Zyy —%
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d Zk,m Zk,m_z ! ,
St (2) =% |In3%— + 2 —
k;’ k,m k,m k,m k,m
m 20,0 20,0 — % 20,0 — 210
zk’m z)z
k,m k m 1 1,1 = 1,0 km _km1
—27 % 5 In 4+ 27020 S —
1,1 1,1 22 (Z{cbm_z)zﬁylm 1,1 1,1 2 2! m_, p 1nfz

Zk,m Zk,m_z | 1 (22)
1,1 0,1

+ k,m, ln k,m + z c,m — "Ek,m
21,1 211 T F 211 —F 20,1 —*

E
1
k,m _k,m k,m k,m k,m _k,m
Z, —Z | Z ’ ’
_Zoo 20,0 In (0,0 )0,1 +Zoo 20,0 1 _ 1
2 k k k,m k,m .
z ,m ,m z ) _ ) _
(ZO,I _Z)Zo,o 20,1 T 200 —F

Therefore, we obtain quadrature formula

—1 M—1

S (pl2) ~ Z 3 (kS () b )
+Ck7m5k,m ( ) + demSE (z)) .2 e Q)

where coefficients ay, ,,, bk m, Ck,m, and dy, ,,, and integrals Sg’m, Sg7m, ng and
S,‘im are defined by (5), (6), (7), (8) and (19), (20), (21), (22), respectively.

5 Error analysis

In this section, we present numerical results of error for proposed approximate
formulas of T" and S' in test examples by using MATLAB program.

Let us take I,(QU)) (§ = 1,2), the spaces of the grid functions p™" , defined on
QU) equipped with the norm

where py. ., = p(rpetem), retfem € QU
Table 1 displays the value of error of T'(p|z) defined by

1

Mj,—1 1/2
L(QU) =T lz Z |p(re’®m)|? ] ) (23)
2

m=1

k=1

prh

1/2

1 Mj,—1
ErT = /71 [Z > T (plze™) = T(Plzge™) ] (24)

k=1 m=l

for N = 5,10, 20, 40.

Unauthentifiziert | Heruntergeladen 18.12.19 11:23 UTC



Approximation of potential and singular operators 81

Table 1. Error analysis for T'(p|z)

p(2) T(p|z) N=5|N=10| N=20 | N=40
1 | 2z Z 0.2450 | 0.0278 | 0.0059 0.0014
2 | 222 2z 0.1803 | 0.0162 | 0.0038 9.4x10~%
30|27 Fead 0.1611 | 0.0338 | 0.0076 0.0019
4 |z 2z — 1 0.3018 | 0.0377 | 0.0047 5.8x107%
5 |z z 0.0989 | 0.0124 | 0.0015 1.9x10~%
6 | 2* Pz —z 0.1902 | 0.0227 | 0.0048 0.0012
7 |2 z 0.1489 | 0.0206 | 0.0047 0.0012
8 |2 Z 0.2027 | 0.0526 | 0.0133 0.0033
9 | 2%z 2 1 0111200226 | 0.0059 0.0015
10 | 2222 | 22 0.1417 | 0.0194 | 0.0048 0.0012
1|22 | 22 0.1215 | 0.0212 | 0.0049 0.0012
12 | 2%z 2z 0.1369 | 0.0279 | 0.0061 0.0015
13 | 2°72 Z 1 0.1144 | 0.0344 | 0.0086 0.0022
14 | 228 | 22 0.0885 | 0.0181 | 0.0045 0.0011
15 | 2%z =z 0.1096 | 0.0254 | 0.0057 0.0014
16 | 23 27— 2% 0.1807 | 0.0388 | 0.0096 0.0024
17 [ 22 -2 | 222 —2-% [ 0.1785 | 00112 | 6.9x10°% | 43x10~%

Table 2 layouts the value of error of S(p|z) defined by

—1 Mp—1 1/2
ErS =+/r7 Z ST IS(lzgk™) — S(Blegl™) 1 (25)

k=1 m=1

for N = 5, 10, 20, 40.

6 Conclusion

In this paper, we construct second-order of accuracy quadrature formulas for the
numerical calculation of the Vekua types two-dimensional potential and singular
integral operators in the unit disk of complex plane. We propose quadrature for-
mulas for these integrals which based on first-order spline approximation of two-
dimensional function. MATLAB program are used for numerical experiments in
test examples.
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Table 2. Error analysis for S(p|z)

p(z) S(p|z) N=5 N =10 N =20 N =40
1| 2z z 0.0775 0.0138 0.0030 7.1x107%
2 | 27 z 0.4025 0.0683 0.0230 0.0083
3 | 22 Bl 0.6517 0.1549 0.0567 0.0207
4 |z z 8.7x1071 | 1.5x1071 | 2.1x107"? | 5.1x10~ "
5 |z 0 0.3072 0.0768 0.0192 0.0048
6 | 22 22z—1 | 06155 0.1169 0.0324 0.0110
7 |z 0 0.6525 0.1174 0.0322 0.0110
8 |#° 0 0.7794 0.1901 0.0685 0.0249
9 | 2%z 2z 0.4335 0.0724 0.0239 0.0085
10 | 222 222 0.0985 0.0261 0.0067 0.0017
11 | 2%2° 322" 0.3466 0.0906 0.0332 0.0121
12 | 2%z 3222-1 1 05976 0.1478 0.0557 0.0206
13 | 2377 2’z 0.3912 0.0981 0.0346 0.0124
14 | 22 2.2z 0.1748 0.0463 0.0118 0.0030
15 | 2%z 122 0.3654 0.1114 0.0407 0.0150
16 | 2° 3222 — 2z | 0.8176 0.1897 0.0682 0.0248
17 | 22—z | 22z—1 | 0.7305 0.0913 0.0114 0.0014
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