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Some approximations of second order derivatives
complex-valued functions

In this paper, we generalize the well known finite difference method to compute derivatives of real valued
function to approximate of second order complex derivatives w,. and wszz for complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second
order derivatives of complex-valued function. Several second order of accuracy finite differences to calculate
derivatives are proposed. Error analysis in test examples is carried out by using Matlab program.
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Introduction

Boundary value problems for equations with complex-valued functions and partial derivatives with respect
to complex variables have important applications in various areas of mathematical modeling of real physical
processes [1—6]. The theory of finite difference method in case of real valued function and its applications to solve
boundary value problems for partial differential equations is described in [7]. In [8-10], a complex step method
for computing derivatives of real valued functions by introducing a complex step in a strict sense is developed.
Several finite differences to compute first order derivatives of complex valued function discussed in [7].

Let C be a set of complex numbers, let Q1,Qy C C, let w : Q1 — Q5 be a complex-valued function.
For each z = x + iy € Q; its image w(z) = w(x,y) € Qo can be rewritten as u(x,y) + iv(x,y) by introducing
pair of real-valued two-dimensional functions u and v. Second derivatives w,, and wzz at point z = = + 1y are

defined by

_ 1 (0w w. \ 1 (0w - 9%w - 9%w 9w .
wZZ(x’y)_i(awz_28y>_4<8z2 _Zayaw_zaway_6y2 ’

(1)

_ 1 ( Owsz dws \ 1 (8w - 9%w - 92w 9w
wié(xvy)_ﬁ(ﬁm +28y>_1(8m2+18y61+7’8m8y_ y2>’
Approximation of second order derivatives

. 4 6, 4 6. .
Theorem 1. Assume that the functions 6231;:37 353 8“m3, 656137 87?3 8Um3 are continuous and bounded on €, h

and 7 are positive and sufficiently small numbers. Then, the following second order of accuracy approximate
formulas for w,, are valid:

—g=w@+hy+T)+gew(@—hy+7)+ gmw(@+hy—7)—
—sw(@—hy—7) = gew(@,y+7) - gew(r,y—71)+ 0 (h*+7%);

z+iy,cth+iy,c+h+i(yxr) e —h+i(yxr) €y
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W, (z,y) = 4h2w(x+3h y) + Zw (x4 2h,y) — 4h2w(ﬂc—|—h y)+
+(#—#)w(x,y)fﬁw(strh,erT)JrS%w(fC*h,erT)ﬂL

+$w(w+h7y—7)—ﬁw(w‘—h?y—THﬁw(x?yﬂL%)—

w(z,y+27)+ 4T2w(33y—|—r)—|—0(h2—|—7) )
x+ 3h + iy, + 2h + iy, x + h + iy, x + iy €Qy;
c+h+ilytr),z+i(y+3r)z+i(y+27r),c+i(y+71) €y;
wzz(:my):—#w(x—Sh,y)—l—#w(x—Qh,y)—%w(w—h,y)—&—
+(#—2i2) (z,y) — (x+hy+7)+ﬁw(x—h,y+7)+
teew(@+hy—7)— g=w(@—hy—7)+ =w(z,y—37) — ,
Lw(z,y—27)+ Zw(z,y—7)+0 (h* +72); W
r—3h+iy,x —2h+iy,xc —h+iy,c+iy,z —h+i (y+71),0;
r+h+ilytr),e+i(y—3r)e+ily—27),c+i(y—71) €Q;
wzz(%y):—ﬁw(x—ki’)h,y) + w (@ + 2h,y) — 2w (z + h,y) +
+(T}L2—ﬁ)w(m,y) S (x—|—hy—|—7’)—|—8m w(x—hy+7)+
—l—#w(x—l—h,y—ﬂ—#w(x—h,y—ﬂ—&—ﬁw(m,y—&')—
LHw(z,y—27)+ 2w (z,y—7)+ 0 (h* +72); ®)
x+3h+iy,x+2h +iy,x +h+iy,x+iy,c +h+i(y£71) €Qy;
z—h+i(ytr)e+ily—7),2+i(y—27),x+i(y —37) €Qy;
Wz (2,y) = —g=zw (€ — 3h,y) + 7zw (x — 2R, y) — gzw (€ — h,y) +
(5 —sm)w(@y) —grw@+hy+7)+ gmw@—hy+7)+
tg=w(@+hy—7)— g=w(@—hy—7)+ gzw(z,y+37) — o

—T—gw(x,y—i—QT)—1—4‘%0.)(x,y—|—7')—|—0(h2+72);
x—3h+iy,x —2h+iy,x —h+iy,x +iy,x + h+i(y £7) €Q4;
x—h+ilyxrz+i(ly+7),x+i(y+27),2+i(y+37) €.

Proof. By using Taylor decomposition formula for %, gi& g%ﬁ, giy’; at point (z,y) € {1 we have that there

exist real numbers ¢y, ¢o, dy, ds such that
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% (z,y) = u(r+h7y)*2u§lr21y)+u(r*h,y) + % (c1,9) %2;
% (a:,y) _ v(z+h,y)f2vslx2,y)+v(th,y) + % (CQ,y) %2;
g% (z,y) = U(mﬁT)*2U(Tﬂgyy)+u(r,yff) + % (z,d1) =
2y (4,y) = Mewtn-lea i) 4 g () gy 7

Thus

2 _ _ 3 .93 2
Gt (ay) = =R enhad 4 (G2 (e1, ) + 1528 (e2.9))

(7)

0% () = Lot 2ol benn=n) 4 (8% (o dy) +i0% (v,da) ) %
Applying Taylor decomposition formula for % at points (z,y + 7) and (z,y — 7), we have that there exists
c3 such that

u(x T)—u(x— T 3u 2
82 (a,y +7) = MU hn) 4 S 0y y 4 7) B
(z+h )—u(z—h ) 3 2 ®)
0 (2, — 7) = UHhST e han) 4 0% (¢ ) 2
By Taylor decomposition formula for 822’; at point (x,y), we have
0? Se(wy+7)— G (vy— o* 2
L ()= OIS0V mT) | D gy T (9)
Oyox 27 Oy3ox 6
for some constant d3 between y — 7 and y + 7. From (8) and (9) it follows that
62;1; (x,y) _ u(gc+h,y+7—)—u(ﬂc—h,y+7')4—hTu(x+h,y—‘r)+u(:c—h,y—r)+
(10)
3 2 3 2 4 2
o (B oy + 1) = B (eay— 1) | + 55t () 5
Since 53 53 o 56 )
1 u U U U T
— 22 (e - _ - . da) —
27 {5‘363 (ca,y +7) Ox3 (e =7) ] dyOx3 (ca,y) + Oy ox? (c3, ds) 6’
we have
0%u u(x+hy+7)—ulx—hy+7)— ulx+hy—7)+ul®—"hy—7)
= 11
Oyox () Ahr + (11)
+O(h? + 72).
In the similar manner it can be obtained that
0%v ve+hy+7)—v@—hy+7)— vE+hy—7)+v(x—hy—r1)
= 12
dyoz (@,9) dhr + (12)
+O(h* + 7).
Therefore, from (1), (7), (11), and (12) we get (2).
From Taylor decomposition formula it can be showed that there exist numbers ¢y, c5, dy, ds such that
r—h<cy,c5<x+3h,y—7<dy,ds <y+3T;
gi‘g (x,y) _ —w(z+3h,y)+4w(z+2hf2g)—5w(z+h,y)+2w(r,y)+
3 .93 2
+ (5% (cn) + %8 (es,m)) &
(13)
2 —w(x T w(x 7)—bw(x T w(x
gTu;(%y) _ —w(@,y+37)+4w( ,y+32) Sw(@y+7)+2w(@y) |

2

3 - 930 T
+ (558 (0 da) + 155 (2.d5) ) 5.
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Formula (3) follows from (1), (13), (11), and (12).
By Taylor decomposition formula, we can get that there exist numbers cg, c7, dg, d7 such that

r—3h<cg, cr<x+h,y—3r<dg,dy <y+T;

82 —w(z=3h,y)+4w(z—2h,y) —5w(x—h,y)+2w(z,y)
h2 +

5 (z,y) =
3 . 934 2
+ (5% (co) + %8 (cr.m)) &

o2 _ —w(z,y—37)+4w(z,y—27)—bw(z,y—7)+2w(x,y
67;; (2,y) = ( )+4w( 72) ( )+2w(@y)

2

+ (Zy“ (x,ds) ‘Hay (, d?)) 5

So, from (1), (14), (11), and (12) we can obtain (4).
By Taylor decomposition formula, we can prove that there exist numbers cg, cg, dg, dg such that

r—h<cg,co<x+3h,y—31 <dg,dg <y—+T,

(@ 3h.y)HAe (@ 2hy) 5w (athay)+2w(@.y) |
h2

5 (z,y) =

3 . 934 2
+ (27? (cs,y) + Z% (09,y)> %;
(15)

o2 _ —w(z,y—37)+4w(z,y—27)—bw(z,y—7)+2w(x,y
Byg (2,y) = ( )+4w( 7_2) ( )+2w(@,y)

2

+@;@dg+%yu@0%.

Hence, (1), (15), (11), and (12) give us (5).
In the similar manner we show that there exist ¢y, ¢11, d10,d11 such that

x —3h < cio, c11 <z, y <djo,di1 <y+ 37;

2
99 (z,y) =

—w(@—3h.y)+4w (@ —2h,y) —5ew(z—h,y) + 20 (2.y)
h2 +

2

3 .93
+ (5 (c10.9) +i5% (e &

_ —w(x,y+37)+4w(z,y+27) —Sw(z,y+7)+2w(x,y
s (z,y) = ( )+4w( 7'2) ( )+2w(z.y)

+ (gy (2, dro) + 9% (x, dn)) 2

Finally, (1), (16), (11), and (12) give us (6). The proof of Theorem 1 is complete.

In similar manner it can established the following statement.

. 4 6. 4
Theorem 2. Assume that the functions 828;3, 853, 5o 62630 7, ay% 5.5 are continuous and bounded on 4, h
and 7 are positive numbers. Then, the following second order of accuracy approximate formulas for wsz; are

valid:

wzz (2,y) = pzw @+ hy) + (g2 + 502 w (xay)‘f'ﬁW(x—h,y)—l—
+8’%“’(x+h’y+7)*ﬁ (x = hy+7) = gmw (@ +hy —7)+
et (2 =y = 7) = g (ey 4 7) — gl @y = 7) + O (A2 +7);

x4y, th+iy,c+h+i(ytre—h+ilyxtr) €Qy;
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—l—(ﬁ—#)w(m,y)—l—ﬁw(m—l—h,y—kr)—ﬁw(m—h,y—kr)—

ghq— (l‘+hy )+gliq—w(x_h7y_7)+ﬁw($>y+37—)_
—w(m,y+27)+%w(z,y+7)+0(h2+72);
x4+ 3h+iy,x + 2h + iy, x + h + iy, x + iy €Qq;

x+h+i(lyxr),x+i(y+3n)e+i(y+27),z+i(y+71) €0;

w55($7y>:_ﬁ&)(1’—3h,y) hzw(x—2h y) 4h2°~)( _hay)+

+ (502 — 52) w (@,9) + ge=w (T + A,y +7) — 8hiﬁw(x7h,y+7')—

Sh'r (‘T—’_hy )+#W(l’—h,y—’r)ﬁ*ﬁ&)({ﬂ,y—?ﬂ')—
Cd(l’,y—QT)+45?0J(£E7y—7')—|—0(h2+7-2);
x—3h+iy,x —2h+iy,x —h+iy,x +iy,x —h+i (y+71),€Q;

x+h+i(lytr),a+i(y—3n)zx+i(ly—27),z+i(y—7) €0;

Wzz (:cw)z—ﬁw(x—i—?)h,y) h2w(w+2h y) 4h2°~)(x+h y)

+(T}ﬂ7#)w(zay)+8h7— (I+hy+ ) W ($7h7y+7’)7

—gmw(@+hy—7)+g=w(@—hy—7)+ pmw(z,y — 37) —
—w(x,y—QT)—l—%w(m,y—T)—i—O(hQ—I—TQ);
x4+ 3h+iy,x+2h+iy,x + h+iy,z +iy,c +h+i(y£7) €Q;

x—h+ilytryet+ily—71),x+i(ly—27),2+i(y—37) €;

(g — 2) w (@ y) + gz (@ by +7) = ghzw (@ —hoy+7) -

Sh‘r (.’13+h Yy — )+g}ifw(x_h?y_T)+ﬁw(m7y+37-)_
—w(m,y+27)+%w(m,y+hg)+0(h2+72);
x—3h+iy,x —2h+iy,x — h+iy,x +iy, e +h+i(yL£7) €Q;

r—h+ilytr)e+i(ly+71),x+i(y+27),z+i(y+37) €.
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Numerical results

In this section, we give numerical results for the second order of accuracy finite differences to
calculate the second derivatives with respect to complex variables in test example by using Matlab program.
Let Q = {z |z=a+iy,-1 <2 <1,-1<y<1},w(z) = 2°Z + cos(z) + sin(z).

defined by

Qpr = {zkﬁm =ak + WY, r=(k—Dhk=1,N+1; yn,

_2 _ 2
h=%, 7=73;

Let S=1{0,1,...N}, @ ={0,1,...M}. Denote by
10 =5~ {0}, IV = Q {0}

a set of indices.

IO =85 _—{0,N-1,N},J® =Q —{0,M —1,M};

I® =5-40,1,2,N},J® =Q —{0,1,2, M}

IW =85 _{0,N—-1,N},J® =Q —{0,1,2};

I® =8-{0,1,2},J0 =Q - {0,1,2,M — 1, M}.

In Table 1 an error of corresponding value of the derivative w,, is calculated by

v @2 3 (4

(
Here Wzzy Wzz y Wzz'y Wzz y Wzy

o .2 @)

(n)

szz — Wzz

C(Qh‘ﬂ')

(n)

(5)

= max
C(Qm.,) keI, meJg

(5)

keI, meJ)

max

Wz (Zk,m)

Wzz (Zk,m) - w,(zg) (Zk,m)

- w,(zg) (Zk,m)

(m—1)r,m=1,M+1},

. n=1234,5.

9 n= ]‘727374’5’

The set of grid points are

are approximate value of w,, by formulas (2), (3), (4), (5), (6), respectively.
In Table 2 an error of corresponding value of the derivative wss is calculated by

where w3y, wyy, wsyy, wyy, wy, are approximately value of wzz by formulas (17), (18), (19), (20), (21),
respectively.
Table 1
Error analysis for w,,
Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
2) 2.02x107° [ 1.39x 1075 [ 9.10 x 107% [ 5.83 x 1077 | 3.70 x 10~ 10
(3) 549x 1072 [ 813 x 107 [ .10 x 107* [ 1.44 x 107° | 1.83 x 10~°
(4) 4.81x 1073 [ 7.60 x 107% [ 1.06 x 107% [ 1.41 x 107> | 1.82 x 10~©
(5) 549 x 1072 [ 813 x 107* [ 1.10 x 107*% | 1.44 x 10~° | 1.83 x 10~°
(6) 481 x1073 [ 760 x 1077 [ 1.07 x 1077 [ 1.41 x 107° | 1.82 x 107 ©
Table 2
Error analysis for wss
Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
(17) 2.02x107° [ 1.39 x 1079 [ 9.10 x 1078 | 5.83 x 1077 | 3.70 x 10~ 10
18 549 x 1072 [ 813 x 107% [ .10 x 107% [ 1.44 x 10~° | 1.83 x 10~
4 3 1 4 44 5 6
(19) 481 x 1073 [ 760 x 10~ [ 1.06 x 107 [ 1.41 x 107° | 1.82 x 107 ©
(20) 549 x 1072 [ 813 x 107% [ 1.10 x 107% | 1.44 x 10~° | 1.83 x 10~°
(21) 481 x 1073 [ 760 x 1077 [ 1.07 x 1077 [ 1.41 x 107° | 1.82 x 107©
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Conclusion

In the present work, we have generalized the finite difference method to compute derivatives of real valued
function to approximate the second order complex derivatives w,, and ws:; for the complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second order
derivatives of complex-valued function. Several second order of accuracy finite differences to calculate derivatives
are proposed. The error analysis in test examples is carried out by using Matlab program.

w N =

T

© 0 N O
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Y. Ambipassie, b. O3rypk

Komritekemonai pyHKIusAIap/IblH, €KiHII PeTTi
TYBIH/IbLJIAPBI YVIMiH Keiidip >KybIKTayJ1ap

Makasraia HaKTBI MOH/I DYHKIUAIAD/IBIH €KIHII PeTTi TyBIHIBIIAPBIH eCENTeyTre apHAJIFAH OeJIriyi aKbIPIbI-
afbIpBIMIAP TOCIT Kaambl KafFmaitaa gaMbIThiFad. Col apKbLIBI KOMILIEKC MOHII W (DYHKIUSICHIHBIH,
eKiHIT peTTi TYBIHABLIAPBIH W,,, Wz AIIPOKCHMAIUsIayra 6osagasl. TepMunaepin opTypsii KOMOWHA-
IUSJIAPBIH 3€PTTEY HOTHKECIHIe KOMIIEKC MOHI (DYHKIUSHBIH €KIHII PeTTi TyBbIH/bIIAPBIH €CelTey YIIiH
GipHerti KybIKTay (GopMyJIagapbl aablHIbL. [yBIHIBLIAPIBI €CenTey VIMH 9/ eKiHmm perti GipHerne
AKBIPJIBI-ARBIPBIMJIAP TOCLT YCBIHBLIALI. TecT TypiHeri Mbica/iap/iarbl KaTeTiKTepre Tajay »Kacay YImiH
Matlab 6armap/ramacs! maiitamaHbLIIIbL.

Kiam cesdep: akbIpJIb-aflbIpbIM/IAD TOCLII, ANIIPOKCUMAIHS, KOMILJIEKC MOH/II (DYHKINA, XKYBIKTay (POpMYy-
JaJjap.

Y. Amwipasbie, B. O3rypk

HexkoTopble nipubsim>keHnsi TPOU3BOHBIX BTOPOTO MOPSIKa
KOMIIJIEKCHO3HAYHBIX (PYHKITII

B craTbe 000611eH M3BECTHBIN METO/[ KOHEYHBIX PA3HOCTEH [1JIsl BBIYUCJIEHNs] IIPOU3BOIHBIX BEIECTBEHHO
GYHKIMN HA alpPOKCUMAIINIO KOMILIEKCHBIX MPOU3BOIHBIX BTOPOTO TOPSIIKA W,, W Wzz JJIsT KOMILIEKC-
HO3HA4YHON (yHKIuu w. V3ydas pasandabie KOMOMHAIIMA TEPMUHOB, MOJIyY€HO HECKOJIBKO TPUOJIMXKEHUN
JIJIsI BBIYKMCJIEHHUST TTPOM3BOJIHBIX BTOPOrO MOPSI/IKA KOMILIEKCHO3HAYHOM (pyHKImH. [IpeniokeHbl HECKOIb-
KO KOHEYHBIX PA3HOCTEH BTOPOrO TMOPSJKA TOYHOCTHU JJIsl BLIYMCJICHUS TPOU3BOJAHBIX. AHajmn3 omubok B
TECTOBBIX IPUMEPaX BBIMIOJIHEH C UCIIOJIb30BaHUeM IporpammMbl Matlab.

Kmouesvie caro6a: KoHEIHAST PA3HOCTD, AIlllIPOKCUMAIINs, KOMILIEKCHO3HAaYHAsST (DYHKINS, (POPMYJIbI ITPUOIH-
JKEeHUHA.
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