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Approximation of the inverse elliptic problem with mixed
boundary value conditions

Charyyar Ashyralyyev*" and Mutlu Dedeturk*

*Department of Mathematical Engineering, Gumushane University, 29100, Gumushane, Turkey
TTAU, Ashgabat, Turkmenistan

Abstract. The inverse problem for the multidimensional elliptic equation with Neumann-Dirichlet conditions are presented.
For the approximate solution of this inverse problem the first and second order of accuracy in # and in space variables difference
schemes are constructed. The stability, almost coercive stability and coercive stability estimates for the solution of these
difference schemes are obtained. The algorithm for approximate solution is tested in a two-dimensional inverse problem.
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INTRODUCTION

Theory and methods of solutions of the inverse problems for partial differential equations have been extensively
investigated by many researchers (see [1-24] and the bibliography therein).

In the present paper, we consider the inverse problem of finding functions u(z,x) and p(x) for multidimensional
elliptic equation with following Dirichlet-Neumann boundary conditions

—uy (t,x) — él(ar(x)“xr)xr +ou(t,x) = f(t,x)+px), x=(x1,-+,x,) €Q, 0<t <T,

uw(0,x) = ¢(x), u(T,x) = y(x), u(A,x) = E(x), x€ Q, M

Qi) —0, xeS', ut,x) =0, x€52,0<1<T.

Here, 0 < A < T and ¢ > 0 are given numbers, a,(x), (x € Q), @(x), w(x),&(x) (x € Q), and f(,x) (t € (0,T), x € Q)
are given smooth functions and a,(x) > a >0 (x € Q),and Q = (0,£) x - - - x (0,£) is the open cube in the n-dimensional
Euclidean space with boundary § = ' US?, Q = QUS.

The well-posedness and approximation of the inverse problem for the multidimensional elliptic equation with
Dirichlet conditions were investigated in [13]. Approximation of the inverse problem for multidimensional elliptic
equation with Neumann conditions and the well-posedness of difference problems were investigated in [14]. A third
and a fourth order of accuracy difference schemes for these problems were constructed in [15, 16].

In the present study, we construct a first and a second order of accuracy in ¢ and in space variables difference schemes
for the approximate solution of inverse problem (1) with Neumann-Dirichlet boundary conditions. We establish the
stability, the almost coercive stability and the coercive stability estimates for the solution of these difference schemes.
The test example for the two-dimensional inverse problem is given.

DIFFERENCE SCHEMES

The discretization of problem (1) is carried out in two steps. Define the sets

ﬁh = ixm = (hlmlf;' 7hnmn); mi(mla"' amn)a my =0, Mq> thc]:& q=1,-, l’l},
Q=Q,NQ, S} =Q,Ns!, $2=0,nS>.
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Introduce the Hilbert spaces Ly, = Ly () and W3, = sz(fzh) of grid functions p(x) = {p(himy,--- ,hymy,)}
defined on Q, equipped with the norms

12
th = X Ip"Prha |,
Loy =
XEQy,
1/2
h h C h 2
iy Il (£ Bl
W3, Lo €O W 9= 1
1/2
n 2
X X0 @ | e

xXe ﬁh q=1
To the differential operator A*, assign the difference operator A} , defined by the formula,

n
Al ==Y (ag(ut)  +oul, 2)

g=1 Xg,Mq

acting in the space of grid functions " (x) satisfying the conditions D""u"(x) = 0 for all x € S} and u"(x) = 0 for all
x € 2. Here, D"u"(x) is an approximation of ; % It is known that [25, 26] A}, is a self-adjoint positive define operator

in Ly (ﬁh)

In the first step, by using A%, for obtaining 1" (¢,x) functions, we arrive at problem

fd%;ht(zt’x) +Afu" (t,x) = fi(t,x) + p'(x), 0<t < T, x € Q,
3
u(0,%) = ¢"(x), u"(A,x) = &"(x), (T ,x) = ¥"(x), x € Q.
In the second step, applying the approximation formula
A
u(A,x)=u 2|5 +0(1)
for u(A,x) = " (x), we get the first order of accuracy difference scheme
fr_z(ufﬂ (x) — 2uZ(x) + ”271 (%)) +Aiu2(x) = Glﬁ’(x) +p'(x),
00 (x) = [ (1, x), tr=kt, 1 <k<N—1, x€Qy, @)

(1) = 0" (), () = W' (). ) (x) = E"(x), x € By NT=T.

Here, [ = [%] , [-] is a notation for greatest integer function.
By using the approximation formula

Wl (A, x) = u"(17,x) + (% - l) (" (It +7,x) —u"(I7,x)) + O(7?)
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for u(A,x) = " (x), we get the second order of accuracy difference scheme
=T 2w (x) = 20 () + iy (x)) + Afu (x) = 80 (x) + p" (),

6/ (x) = fM(tr,x), tx =kT, 1 <k <N —1, x € Qy,

®)
uy(x) = @' (x), uy (x) = y" (),

ull (x) + (% —l) (uf, (x) —u) (x)) =&"(x), x € Qy, NT=T.

Let H be the Hilbert space. To formulate our result on well-posedness of difference schemes we give definition
of C([0,T]¢,H) and €y3* ([0, ]z, H) which are the linear spaces of mesh functions % = {6, Y~ with values in the
Hilbert space H. We denote C([0,T];,H) normed space with the norm

[ta!| = 6l

C([0,T]¢,H) l<k<N 1

and ;7% ([0, T, H) normed space with the norm

{0

=000

k T —k 6srn— 6
o w <r+nr> (T —kt) 6 — Ol
1<k<k+n<N—1 (n7)*

o ([0,T)¢ C([0,T)¢,H)

Theorem 1. Let T and |h| = /h% + -+ -+ h2 be sufficiently small positive numbers. Then, the solutions ({ullz }II\FI ,ph)
of difference schemes (4) and (5) obey the following stability estimates:

N—1
‘ {uz}l C([0,T]z,Lap) M) [H(ph

I, <m0 |

where M(8) is independent of T,0t,h, ", y", E", and { f! N
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Theorem 2. Let T and |h| = 1//’1% + -+« +h2 be sufficiently small positive numbers. Then, the solutions of difference
schemes (4) and (5) obey the following almost coercive stability estimate:

o+ N-1

Uty “k “k 1

ozt | |
1

C([0.T]z,Lan)

<M(3) (Hgo"] w0 (o) |k

where M(8) does not depend on ©, 0, h, ", w" E" and {f,f’ N
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c<[o,T1nL2h>> 7

Theorem 3. Let T and |h| = \/h% + -+ h2 be sufficiently small positive numbers. Then, the solutions of difference
schemes (4) and (5) obey the following coercive stability estimate:
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The proofs of Theorems 1-3 are based on representation formulas for solutions, the symmetry property of operator
Aj in Ly, and the following theorem on the coercivity estimate for the solution of the elliptic difference problem in
Lyy.

<o) it [ [ty I

where M(8) is independent of T, ct,h, ", y" E", and {f,f ]1\]71 .

2 2
G ([0,T]e L) Wa Wi

Theorem 4. [27] For the solution of the elliptic difference problem

A (x) = 0" (x), x € Qy,
D' (x) =0, x € Sh,u"(x) =0, x€ 52,

the following coercivity inequality holds:

< h
Z H (u )quxq-mq
g=1

<M||o"||L
L l|@"]|L,,,

where M does not depend on h and o".

NUMERICAL RESULTS

For the numerical result, we consider the inverse problem

_Pun) 9 ((2+cosx) 2420 ) - u(r, x) = (3cos (x) + cos (24) + 1)t

+(2cos(x) +cos(2x))exp(—1),0 <x <m0 <t < T,

u(0,x) = 2(cos(x) + 1), u(T,x) = (exp(=T)+T +1)(cos(x)+ 1), 0 <x <, (©6)

u(A,x) = (exp(—A)+A+1)(cos(x) +1), 0<x<m, A =4,

uy(t,0) =0, u(t,®)=0,0<tr<T,

for the elliptic equation. It is easy to see that u(z,x) = (exp (—¢) +¢ + 1) (cos(x) + 1) and p(x) = 3cos (x) +cos (2x) + 1
are the exact solutions of (6).

Now, we give the results of the numerical analysis using by MATLAB programs. The numerical solutions are
recorded for different values of N and M. Tables 1-2 give the error analysis between the exact solution and solutions
derived by difference schemes. Tables 1-2 are constructed for N = M = 20, 40, 80 and 160. Hence, the second order
of accuracy difference scheme is more accurate comparing with the first order of accuracy difference scheme. Table 1
gives the error analysis between the exact solution p and solutions derived by difference schemes in second stage of
algorithm.

TABLE 1. Error analysis for p

N=M=20 N=M=40 N=M=80 N=M=160

Difference scheme (4) 0.46799 0.34451 0.24769 0.17645
Difference scheme (5)  0.066127  0.012292  0.0023387 4.61x10~*

Table 2 gives the error analysis between the exact solution u and solutions derived by first order and second order
accuracy of difference schemes.
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TABLE 2. Error analysis for u

N=M=20 N=M=40 N=M=80 N=M=160

Difference scheme (4) 0.13789 0.062908 0.030101 0.014731
Difference scheme (5) 0.01591  0.0018966 2.35x10~* 3.01x107>

CONCLUSION

In this paper, the inverse problem for the multidimensional elliptic equation with Dirichlet-Neumann conditions is
considered. The first and second order of accuracy difference schemes for approximate solutions of this problem
are presented. Theorems on the stability, almost coercive stability and coercive stability estimates for solutions of
difference schemes for the multidimensional elliptic equation are proved. Numerical results in a two-dimensional case
are given. As it can be seen from Tables 1-2, the second order of accuracy difference scheme is more accurate than the
first order of accuracy difference scheme.
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