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Inverse Neumann problem for an equation of elliptic type

Charyyar Ashyralyyev

Department of Mathematical Engineering, Gumushane University, 29100, Gumushane, Turkey
TAU, Ashgabat, Turkmenistan

Abstract. Inverse problem for an elliptic differential equation with Neumann conditions is considered. Stability and coercive
stability estimates for the solution of inverse problem with the overdetermination are obtained. The first and second order of
accuracy difference schemes are presented. Stability and coercive stability inequalities for these difference schemes are given.
In application, inverse problem for the multidimensional elliptic equation is studied. The first and second order of accuracy
difference schemes for the multidimensional inverse problem are presented. Well-posedness of both difference problems are
established. The results are supported by a numerical example for the two-dimensional elliptic equation.
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INTRODUCTION

It is known that many problems in various branches of science lead to inverse problems for partial differential
equations (see,[1, 2]). Theory and methods of solutions of inverse problems for partial differential equations have
been extensively studied by several researchers (see [1-33] and the literature cited therein).

Consider the inverse problem of finding a function « and an element p for an elliptic equation

—uy (1) +Au(t) = f(t)+pt,0<t <T,
ey
w0) =9, u(T)=y,u,(A)=E,0<A <T

in an arbitrary Hilbert space H with the self-adjoint positive definite operator A. Here, f(¢) is a given smooth function,
@, y, and £ are given elements of H, A is a known number.

In the present work, we obtain stability and coercive stability estimates for the solution of inverse problem (1)
and present the first and second order of accuracy difference schemes for its solution. Stability and coercive stability
inequalities for difference problems are established. In application, we consider the following inverse problem of
finding functions u(,x) and p(x) for the multidimensional elliptic equation in [0, 7] x Q,

“nn(0.) = X (a5 )+ u(r.5) = £(0.) + pLr
x=(x1,,%) €Q,0<t<T,
2)

u(0,x) = @(x),u, (T,x) = Y(x),ur (A,x) = & (x),x € Q,

u(t,x)=0,x€8,0<r<T.

Here, Q = (0,¢) x - -- x (0,£) is the open cube in the n-dimensional Euclidean space with boundary S, Q=QUS, a,(x)
(x€Q), o(x), w(x),E(x) (x€Q),and £(t,x)(t € (0,T),x € Q) are given smooth functions, 0 < A < T and § > 0 are
known numbers, a,(x) >a >0 (x € Q).

The stability and coercive stability estimates for the solution of inverse problem (2) are obtained. The first and second
order of accuracy difference schemes for the approximate solution of problem (2) are presented. Well-posedness of
both difference problems are established. The results are supported by numerical example for the two-dimensional
elliptic equation.
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MAIN RESULTS

Let C;% (H) be space obtained by completion of the space of all smooth H-valued functions p on [0, 7] with the norm

(t+ 0T =) Pt +7) (1) |
- — —+ su ‘
IPlcgen =Pl + _sop f"‘

Assume that A is a self-adjoint positive definite operator.

Theorem 1. Suppose that ¢, y,& € D(A*%), and f(t) € Cg;*(H) (0 < @ < 1). Then, for the solutions (u(t),p) of
problem (1) the following stability estimates hold:

ey <m[|Ja 2o + (2w, +[a-2|, +1rlcn] 3)

1 _1 _1 _1
47"l < a2, 42wl + e ]+ 1sleun)] “
where M does not depend on o, @, . &, and f(t).

Theorem 2. Assume that @, y,& € D(A%), and f(t) € Cg;*(H) (0 < ot < 1). Then, for the solutions (u(t),p) of
problem (1) the following coercive inequality holds:

1 1 1 1
Z = kS L
[ ”c(‘)"Tﬂ(H) +llAullcaa gy + llpllg <M {70‘(1 —a) ANl coser ) + HAZ‘PHH+ HAZWHH"‘ HA%HH} . (5)

where M is independent of o, @, w, &, and f(t).

Introduce the set of grid points {ry =k7, 1 <k<N—1, Nt=T}.Letl = [%] , [] be the greatest integer function.
Applying the approximate formulas

U1 —Uup

w(d) = "M o),
upq —4uy+uy— A Bupir —duppy +up Bupey —dup+uy—
w(d) = I+1 RIS W 1+2 11U Supg |t ui—1 +o(1?)
27 T 27 2T

for u;(A) = &, problem (1) is replaced by first order of accuracy difference scheme

— el 2L 4 Ay = O+ phi, O = f (1),
=kt 1<Kk<N—1, ©

up—up __ UN—UN—1 __ Uppr—up
T - (p7 T - '-//a T - &7

and second order of accuracy difference scheme

— Bt L | Ay = O+ pte, O = £ (1),
=k, 1<k<N—I,

(N
—3ug+4u—up __ Buy—4uy_1tuy_p
27 - ’ 27T - I
3uy 4wy + A iy Supso—4up g tup  Supp —Autu g\ é
27 T 27 27 A
For finding a solution {uy }2’;11 of difference problems (6) and (7), we apply the substitution
-1
ug =vk+A" pi, (3)



where {vg }ﬁzo is the solution of auxiliary nonlocal boundary value difference problem. For {v; }szo, we get, respec-
tively, the following first and second orders accuracy auxiliary nonlocal boundary value difference problems

—T 2 (Ve — 2ve v 1) FAV =6, 1 S kSN -1,
)

Y1—%o Vig1 =V __ VN—VN-1 Vit1—=Vi __
T_f_q)_évf_f_w_é’

7172(Vk+1 72vk+vk71)+Avk =6, 1 <k<N-—1,

—3vot+dvi—vy  3Bv—4vitvg

ZT 3 4 o 3 4
A Vi =W+ Vigr =it | 10
_(?_l) 2T - 2T )*(P_§7 (10)
Sww—dvy_1tvw—o v —4vitvig

27 3 . 2T ; A
_(A_ Vi =4t v —4vivie )
(T l) ( 27 27 =y-¢.

For finding unknown element p, we use formula

p=A& —Av (1) an

So, we will consider the following algorithm for solving of problems (6) and (7) which includes three stages. In the
first stage, we consider the auxiliary nonlocal boundary value difference problems (9), (10) and obtain {vy};_, .
In the second stage, we put k =/ and find v;(#;). Then, using (11), we obtain p. In the third stage, we apply formula

(8) for obtaining the solution {uy }5{\];11 of difference problems (6), (7), respectively.

Note that C = 1(7A + V4A + 12A2) is a self-adjoint positive definite operator and R = (I 4 7C)~! which is defined
on the whole space H is a bounded operator (see [35]) . Here, / is the identity operator.

Theorem 3. Suppose that ¢, y,E € H and {Ok}sz_ll € CY*(H) (0 < o < 1). Then, for the solutions ({uk}i\gl ,p) of
difference problems (6) and (7) the following stability estimates

0 g <M [0l 10+ 0+ 10025, | (12)

)

4~ pll, < [||¢\|H+nwmﬂlé”ﬁH{f’k}kNJH o

can)

are satisfied, where M does not depend on T, o, @, w, &, and {ek}fc";ll .
Here, C;(H) and C3'*(H) are the spaces of all H-valued grid functions {ek}’,f;f in the following norms accordingly

oh| . = 0
[0, = e 1600l

k T — k)% O, )
{ek}iv;lHC( + sup (ke +n7)%( )% Oksn kHH.

{o)|
H k=1 w(H)  1<k<k+n<N—1 (nt)®

Cc&%(H) - H

Theorem 4. Assume that ¢, y,& € D(C) and {ek}ﬁ;f € CY%(H) (0 < o < 1). Then, for solutions ({uk}f{\;l ,p) of
difference problems (6) and (7) the coercive stability estimate

H {1—2 (uk+1 — 2uk+ ukil)}iv:ill‘ Cg'a(H) + H{Auk}i\]:—l] ‘ Cg,a(H) + HPHH (14)

1 N-1
< -
< [ IColly +1EV 1 +ICE I+ g (O | |

is fulfilled, where M does not depend on t,a, @, y, &, and {Gk}itll .



APPLICATION

Note that differential expression [34]
n
A'u(x) = — Z (ar(x)uy, (x))y, + Su(x) (15)
r=1
defines a self-adjoint positive definite operator A* acting on L,(Q) with the domain
= {u(x) ceWiHQ ,u(x)=00nS}.

Let H be the Hilbert space L,(Q). By using abstract Theorems 1 and 2, we get the following theorems about well-
posedness of problem (2).

Theorem 5. Assume that A* is defined by formula (15), ¢,&,y € D (( )77) f € C(La(Q)). Then, for the solution

(u, p) of inverse boundary value problem (2), the stability estimates are satisfied:

4ol g

_ +H(A*)’%w L
MM(AX)%‘P L@

IN

o+t

i ||f||c(L2(§))] ;

H“HC(LZ(E)) Ly (D)

6%

IN

e,

I R e

pHL2§

where M is independent of o, ¢(x),& (x), y(x), and f(t,x).

Theorem 6. Suppose that A* is defined by formula (15), ¢,y,& € D ((A"’)j

of inverse boundary value problem (2), coercive stability estimate

) f € C(La(Q)). Then, for the solution

H”//Hc(‘j‘;’(Lz(ﬁ))JrHuHc"“" w2@) Pl @

1
<M m|\f|\cgr=a<L2<§))+H‘PHWZI@+||1V||w21(§)+|\§\|w21(§)}

holds, where M is independent of o, ¢(x), & (x), w(x), and f(t,x).

We discretize problem (2) into two steps. In the first step, we define the grid spaces
Qr={x=xp=(himy,-  hymy)im=(my,--- ,mp),my =0, My, M, =C,r=1,--- ,n}, Q) =QNQ, 85, =Q,NS.

Denote difference operator by
n

At = — Y (a,(x)u;}c‘r) - oul,

r=1 XrsJr

acting in the space of grid functions u”(x), satisfying the condition u"(x) = 0 for all x € Sj,. It is known that A} is a
self-adjoint positive definite operator. _
Let Ly, = L(Qy) and W22h = W22(Qh) be spaces of the grid functions ph(x) ={p(hymy,--- ,hym,)} defined on Qy,,

equipped with the norms
1/2

Pl = | X Ip"@)Ph :
XGQh
1/2 1/2

AT RIE ) B I vl 34 (P00 M s

xefz,, r=1

n

+ZZ

=l

Lop
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Applying Aj to (6) and (7), we arrive for u"(t,x) functions at auxiliary nonlocal boundary value problem for a
system of ordinary differential equations

d2 h ~
{ ”dfz”)‘) + ALl (t,x) = fM(t,x) + p'(x)t, 0 <t < T, x € Qy, 16)
uy

h(0>x) = (Ph(x)7 uf(l,x) = éh(x)’u:ﬁ(T’x) = W(x)a Xe ﬁh'

In the second step, problem (16) is replaced by first order of accuracy difference scheme

uh X)— Lth X Mh
LI 4 A (x) = 0 (1) + " (), 6 () = (1),

72
IkaT, ISkSN—l,XEQh,

amn

h

F0)—ugd (x ull (x)—u X ult (x)—uif (x ~
LA — g (), Al i a0 g s,

and second order of accuracy difference scheme

ﬁ _211 +h
a2 L gl (x) = 6 (1) + " (D)1, 6 () = f (1x,),
th=kt, 1 <k<N—-1,x€Qy,,

(18)

—3ult ul (x)—u! ul () —4ult ()l (x
3 0(x)+42[( X)— 2( x) :(ph(x),3 N( ) 4 N£11< )+ Nfz( ) :‘Vh(x)y
314;'“() 41;1(x)+ul e (7_[ D
T
3ul ,(x)—4u ull (x 3ull | (x)—4u U ~
) 21;1(”1“ 11 () — 21:()+1 1 gh() xe Q.

X

Applying the substitution

e (x) = Vi(x) + (45) ' Pt () Aj, (19)

we reduce difference problems (17) and (18) to the following auxiliary nonlocal boundary value difference problems

vh
ORI | g (x) = 08 (1), 67 (x) = £ (1,5,
t = kt, lSkSN—lXGQh,

vh(x);vﬁ(x) B v;'ﬂ(x)r— i (x) o (x) — £ (x). (20)
ﬁ]()‘)f";lv_l( ) V]+1(x) V[ (X) h
T T V/ (x) — g (x),
and , , ,
V -2 +vi X
— R g () = 8] (), 65 (x) = /" (1x,),
l‘k:kT, ISkSN—l,XEQh,
—3\/8 (2)+4v] (x)—v3 (x) _ 3v§’+l (x)—4v;’ (x)+vf'71 (x)
X 1o () =4 () h2(r> 3 @)=+ ()
3v) ()= (x) v (x Vil () =4V (x)+v (x
,(%,[%]) 142 2/;1 1) Vi ZIT -1 > =(ph (x)féh(x% 21)
3v§,(x)74v§{,71 (x)+v1}(,72(x) _ SV;’H (x)74vf' (x)+v;171 (x)
NZY "()'()21'()4}’()"()
3yt (x) =4, (x) v (x 3t (x) =4 (x) v (x
7(%7[%])( I42(%) 21;1 1Y) Vi 2"[ -1 ) :I[/h(x)féh(x),
respectively. For finding p’ (x) , we use formula
P (x) = 44" () = Ay (11,%),x € Q. (22)

Let 7 and |h| = y/h? +--- + h2 be sufficiently small positive numbers.



Theorem 7. Let T and |h| be sufficiently small positive numbers. Then, for the solutions of difference schemes (17)
and (18) the following stability estimates hold:
N-1
oyl ]
Lan H ! Cr(Lop)

Theorem 8. Let T and |h| be sufficiently small positive numbers. Then, for the solutions of difference schemes (17)
and (18) the following coercive stability estimate holds:

+e

1 o1, * ¥l

H y N-1
Loy

Cr(Lop)

where M is independent of T, 0, h, 9" (x), W' (x), E"(x) and { fl(x)

M

{uf,

1

WZh a)

N—1
“k+1 2“k g )
Ly,
1 o,

Ce" (Lop)

s e +

X

W3

)

h h
vt 1Y

< M
W2/

C?‘a(Lzh):| ’

where M does not depend on T, o, h, " (x),y"(x), E"(x), and { f!(x) ]]V_l

NUMERICAL RESULTS

We consider the following inverse problem for an elliptic equation

2 2
— ) TN u(r,x) = f(,x) +1p(x),0 <x <m0 <1 <T,

£(8.3) = (exp (1) + 21)sn(x),

M[(O,X) 0 0<x< T, (23)
u (T,x) = (—exp(— )+l)sin( ),0<x<m,

u(A,x) = (—exp(—A)+1)sin(x),0 <x < 7,

ut,0) =u(t,m)=0,0<r<T,A= ?T

It is easy to see that u(r,x) = (exp (—¢) +7+ 1) sin(x) and p(x) = 2sin(x) are the exact solutions of (23).
By using MATLAB software, error for the numerical solutions is recorded for N = M = 20,40, 80, 160.

TABLE 1. Error for p

N=M=20 N=M=40 N=M=80 N=M=160

Difference scheme (17) 0.078526 0.038285 0.018891 9.3816x 103
Difference scheme (18) 3.9786 x 1072 1.0252x 1073 2.6028 x 107*  6.558 x 1077

TABLE 2. Error for u

N=M=20 N=M=40 N=M=80 N=M=160
Difference scheme (17) 0.10724 0.05123 0.025029 0.012369
Difference scheme (18)  7.1349 x 1073 1.7948 x 1073 4.5038 x 10~*  1.1282x 10~*

CONCLUSION

In this work, we consider the inverse problem for the elliptic differential equation with Neumann conditions. Stability
and coercive stability estimates for the solution of the inverse problem with overdetermination are obtained. In
application, the inverse problem for the multidimensional elliptic equation is studied. The first and second order

nli!



difference schemes for the approximate solution of inverse problem is presented. Theorems on the stability and
coercive stability estimates for the solutions of difference schemes are obtained. The results are supported by a
numerical example for the two-dimensional elliptic equation. As it can be seen from Tables 1-2, the second order
of accuracy difference scheme is more accurate comparing with the first order of accuracy difference scheme.
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