
Filomat 28:5 (2014), 947–962
DOI 10.2298/FIL1405947A

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

High Order Approximation of the Inverse Elliptic Problem
with Dirichlet-Neumann Conditions

Charyyar Ashyralyyeva

aDepartment of Mathematical Engineering, Gumushane University, 29100 Gumushane, Turkey; TAU, Ashgabat, Turkmenistan

Abstract. Inverse problem for the multidimensional elliptic equation with Dirichlet-Neumann conditions
is considered. High order of accuracy difference schemes for the solution of inverse problem are presented.
Stability, almost coercive stability and coercive stability estimates of the third and fourth orders of accuracy
difference schemes for this problem are obtained. Numerical results in a two dimensional case are given.

1. Introduction

Methods of solution of the inverse problems for partial differential equations have been investigated
extensively by many researchers (see [1]-[18] and the references therein).

Consider inverse problem of finding functions u(t, x) and p(x) for the multidimensional elliptic equation
with the following boundary conditions

−utt(t, x) −
n∑

q=1
(aq(x)uxq )xq + σu(t, x) = f (t, x) + p(x),

x = (x1, · · · , xn) ∈ Ω, 0 < t < T,
u(0, x) = ϕ(x),u(T, x) = ψ(x),u(λ, x) = ξ(x), x ∈ Ω,
∂u(t,x)
∂−→n

= 0, x ∈ S, 0 ≤ t ≤ T.

(1.1)

Here, 0 < λ < T and σ > 0 are given numbers, ar(x), (x ∈ Ω), ϕ(x), ψ(x), ξ(x) (x ∈ Ω), and f (t, x) (t ∈ (0,T), x ∈
Ω) are given smooth functions and ar(x) ≥ a > 0 (x ∈ Ω), and Ω = (0, `) × · · · × (0, `) is the open cube in the
n-dimensional Euclidean space with boundary S, Ω = Ω ∪ S.

Well-posedness and .the first and second order of accuracy in t and the second order of accuracy in space
variables for the approximate solution of problem (1.1) was investigated in [12]. High order of accuracy
stable difference schemes for nonlocal boundary value elliptic problems presented in [19]-[21].

For the differential operator Ax generated by problem (1.1),

Axu = −

n∑
q=1

(aq(x)uxq )xq + σu, (1.2)
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it follows that (see [27], [28]) B = 1
2 (τC +

√

4C + τ2C2) is a self-adjoint positive definite operator and
R = (I + τB)−1 which is defined on the whole space H is a bounded operator. Here, C = Ax + τ2

12 (Ax)2 and I
is the identity operator.

Now we give some lemmas that will be needed below.

Lemma 1.1. ( [13]). For 1 ≤ l ≤ N − 1, the operator

S1 = I − R2N
− (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)

×(Rl−1 + R2N−l+1
− RN−l+1 + RN+l−1) − (1 −

1
2

(
λ
τ
− l)2)(Rl + R2N−l

− RN−l + RN+l)

−(−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)(Rl+1 + R2N−l−1

− RN−l−1 + RN+l+1)

has an inverse such that G1 = S−1
1 , and estimate

‖ G1 ‖H→H≤M(δ). (1.3)

is valid.

Lemma 1.2. ([13]). For 1 ≤ l ≤ N − 1 the operator

S2 = I − R2N
− (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)(Rl−2 + R2N−l+2

− RN−l+2 + RN+l−2)

−(−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)(Rl−1 + R2N−l+1

− RN−l+1 + RN+l−1)

+(
λ
τ
− l)2(Rl + R2N−l

− RN−l + RN+l) − (
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)

×(Rl+1 + R2N−l−1
− RN−l−1 + RN+l+1) − (−

1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)

×(Rl+2 + R2N−l−2
− RN−l−2 + RN+l+2).

has an inverse such that G2 = S−1
2 , and the estimate

‖ G2 ‖H→H≤M (1.4)

is satisfied.

Our aim in this paper is construction of high order accuracy stable difference schemes for inverse problem
(1.1). In this work, we present the third and fourth orders of accuracy in t and the second order of accuracy in
space variables for the approximate solution of problem (1.1). Stability, almost coercive stability and coercive
stability estimates of these difference schemes are obtained. The modified Gauss elimination method is
applied for testing the third and fourth orders of accuracy difference schemes in a two dimensional case.

The remainder of this paper is organized as follows. In Section 2, we present the third and fourth order
difference schemes for problem (1.1) and establish their well-posedness. In Section 3, we give the numerical
results. Section 4 is conclusion.
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2. The third and fourth orders accuracy of difference schemes and the stability estimates

The discretization of problem (1.1) is carried out in two steps. In the first step, we define the grid spaces

Ω̃h = {xm = (h1m1, · · · , hnmn); m = (m1, · · · ,mn),mq = 0, · · · ,Mq,

hqMq = `, q = 1, · · · ,n},Ωh = Ω̃h ∩Ω,Sh = Ω̃h ∩ S.

Introduce the Hilbert spaces L2h = L2(Ω̃h) and W2
2h = W2

2(Ω̃h) of grid functions ρh(x) = {ρ(h1m1, · · · , hnmn)}
defined on Ω̃h, equipped with the norms∥∥∥ρh

∥∥∥
L2h

= (
∑
x∈Ω̃h

|ρh(x)|2h1 · · · hn)1/2,

∥∥∥ρh
∥∥∥

W2
2h

=
∥∥∥ρh

∥∥∥
L2h

+

∑
x∈Ω̃h

n∑
q=1

∣∣∣(ρh)xq

∣∣∣2 h1 · · · hn


1/2

+

∑
x∈Ω̃h

n∑
q=1

∣∣∣(ρh(x))xqxq, mq

∣∣∣2 h1 · · · hn


1/2

.

To the differential operator Ax (1.2), we assign the difference operator Ax
h defined by the formula,

Ax
huh(x) = −

n∑
q=1

(
aq(x)uh

xq

)
xq, jr

+ σuh(x) (2.1)

acting in the space of grid functions uh(x), satisfying the condition Dhuh(x) = 0 for all x ∈ Sh. Here Dhuh(x)
is an approximation of ∂u

∂−→n
.

By using Ax
h, for obtaining uh(t, x) functions we arrive at problem− d2uh(t,x)
dt2 + Ax

huh(t, x) = f h(t, x) + ph(x), 0 < t < T, x ∈ Ωh,

uh(0, x) = ϕh(x), uh(λ, x) = ξh(x),uh(T, x) = ψh(x), x ∈ Ω̃h.
(2.2)

For finding a solution uh(t, x) of the problem (2.2), we apply the substitution

uh(t, x) = vh(t, x) + (Ax
h)−1ph(x). (2.3)

Here vh(t, x) is the solution of the following nonlocal boundary value problem− d2vh(t,x)
dt2 + Ax

hvh(t, x) = f h(t, x), 0 < t < T, x ∈ Ωh,

vh(0, x) − vh(λ, x) = ϕh(x) − ξh(x), vh(T, x) − vh(λ, x) = ψh(x) − ξh(x), x ∈ Ω̃h
(2.4)

for a system of ordinary differential equations, and ph(x) is unknown function which is defined by formula

ph(x) = Ax
hϕ

h(x) − Ax
hvh(0, x), x ∈ Ω̃h. (2.5)

We consider the algorithm for solving the problem (2.2) which includes three stages ([11]). In the first
stage, consider the nonlocal boundary value problem (2.4) and obtain vh(t, x). In the second stage, putting
t = 0, find vh(0, x). Then, applying (2.5), obtain ph(x). In the third stage, use formula (2.3) for obtaining the
solution uh(t, x) of problem (2.2).
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In the second step, we approximate (2.2) in variable t. Let [0,T]τ = {tk = kτ, k = 1, · · · ,N, Nτ = T} be the
uniform grid space with step size τ > 0, where N is a fixed positive integer.

To formulate our result on well-posedness of difference schemes, we give definition of C([0,T]τ,H) and
C
α,α
0T ([0,T]τ,H) which are the lineer spaces of mesh functions θτ = {θk}

N−1
k=1 with values in the Hilbert space

H. We denote C([0,T]τ,H) normed space with the norm∥∥∥{θk}
N−1
k=1

∥∥∥
C([0,T]τ,H)

= max
1≤k≤N−1

‖θk‖H ,

and Cα,α0T ([0,T]τ,H) normed space with the norm∥∥∥{θk}
N−1
k=1

∥∥∥
C
α,α
0T ([0,T]τ,H)

=
∥∥∥{θk}

N−1
k=1

∥∥∥
C([0,T]τ,H)

+ sup
1≤k<k+n≤N−1

(kτ + nτ)α(T − kτ)α‖θk+n − θk‖H

(nτ)α
.

Applying the approximate formula

uh(λ) = (
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− [
λ
τ

])2)uh((l − 1)τ)

+(1 − (
λ
τ
− l)2)uh(lτ) + (−

1
2

(
λ
τ
− l +

1
2

(
λ
τ
− l)2)uh((l + 1)τ) + o(τ3),

for uh(λ) = ξh, the problem (2.2) is replaced by the third order of accuracy difference scheme

−τ−2(uh
k+1(x) − 2uh

k(x) + uh
k−1(x)) + Ax

huh
k(x) +

τ2

12
(Ax

h)2uh
k(x) = θh

k(x) + ph(x),

θh
k(x) = f h(tk, x) +

τ2

12

(
f h(tk+1, x) − 2 f h(tk, x) + f h(tk−1, x)

τ2 + Ax
h f h(tk, x)

)
,

tk = kτ, 1 ≤ k ≤ N − 1, x ∈ Ωh,uh
0(x) = ϕh(x), uh

N(x) = ψh(x), x ∈ Ω̃h,

(
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)uh

l−1(x) + (1 −
1
2

(
λ
τ
− l)2)uh

l (x)

+(−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)uh

l+1(x) = ξh(x), x ∈ Ω̃h (2.6)

Here l =
[
λ
τ

]
, [·] is a notation for greatest integer function.

By using the approximate formula

uh(λ) = (−
1

12
(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)uh((l − 2)τ) + (

8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)uh((l − 1)τ) + (1 − (

λ
τ
− l)2)uh(lτ) + (−

8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

+
1
6

(
λ
τ
− l)3)uh((l + 1)τ) + (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)uh((l + 2)τ) + o(τ4)

for uh(λ) = ξh, the problem (2.2) is replaced by the fourth order of accuracy difference scheme

−τ−2(uh
k+1(x) − 2uh

k(x) + uh
k−1(x)) + Ax

huh
k(x) +

τ2

12
(Ax

h)2uh
k(x) = θh

k(x) + ph(x),

θh
k(x) = f h(tk, x) +

τ2

12

(
f h(tk+1, x) − 2 f h(tk, x) + f h(tk−1, x)

τ2 + Ax
h f h(tk, x)

)
,
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tk = kτ, 1 ≤ k ≤ N − 1, x ∈ Ωh,uh
0(x) = ϕh(x), uh

N(x) = ψh(x), x ∈ Ω̃h,

(
1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)uh

l−2(x) + (−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)uh

l−1(x)

+(1 − (
λ
τ
− l)2)uh

l (x) + (
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)uh

l+1(x)

+(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)uh

l+2(x) = ξh(x), x ∈ Ω̃h. (2.7)

Let τ and |h| =
√

h2
1 + · · · + h2

n be sufficiently small positive numbers.

Theorem 2.1. The solutions
({

uh
k

}N−1

k=1
, ph

)
of difference schemes (2.6) and (2.7) obey the following stability estimates:∥∥∥∥{uh

k

}N−1

1

∥∥∥∥
C([0,T]τ,L2h)

≤ M1(δ)
[∥∥∥ϕh

∥∥∥
L2h

+
∥∥∥ψh

∥∥∥
L2h

+
∥∥∥ξh

∥∥∥
L2h

+
∥∥∥∥{ f h

k

}N−1

1

∥∥∥∥
C([0,T]τ,L2h)

]
,

∥∥∥ph
∥∥∥

L2h
≤ M1(δ)

[∥∥∥Aϕh
∥∥∥

W2
2h

+
∥∥∥Aψh

∥∥∥
W2

2h
+

∥∥∥Aξh
∥∥∥

W2
2h

+
1

α(1 − α)

∥∥∥∥{ f h
k

}N−1

1

∥∥∥∥
C
α,α
0T ([0,T]τ,L2h)

]
,

where M1(δ) does not depend on τ, α, ϕh, ψh, ξh, and
{

f h
k

}N−1

k=1
, 1 ≤ k ≤ N − 1.

Theorem 2.2. The solutions of difference schemes (2.6) and (2.7) obey the following almost coercive stability estimate:∥∥∥∥∥∥∥∥
uh

k+1 − 2uh
k + uh

k−1

τ2 )


N−1

1

∥∥∥∥∥∥∥∥
C([0,T]τ,L2h)

+

∥∥∥∥∥∥∥
{(

A +
τ2

12
A2

)
uk

}N−1

k=1

∥∥∥∥∥∥∥
C([0,T]τ,W2

2h)

+
∥∥∥ph

∥∥∥
L2h
≤M2(δ)

ln ( 1
τ + h

) ∥∥∥∥{ f h
k

}N

1

∥∥∥∥
C([0,T]τ,L2h)

+

∥∥∥∥∥∥
(
A +

τ2

12
A2

)
ϕh

∥∥∥∥∥∥
W2

2h

+

∥∥∥∥∥∥
(
A +

τ2

12
A2

)
ψh

∥∥∥∥∥∥
W2

2h

+

∥∥∥∥∥∥
(
A +

τ2

12
A2

)
ξh

∥∥∥∥∥∥
W2

2h

 .
Here, M2(δ) is independent of τ, α, ϕh, ψh, ξh, and

{
f h
k

}N−1

k=1
, 1 ≤ k ≤ N − 1.

Theorem 2.3. The solutions of difference schemes (2.6) and (2.7) obey the following coercive stability estimate:∥∥∥∥∥∥∥∥
uh

k+1 − 2uh
k + uh

k−1

τ2 )


N−1

1

∥∥∥∥∥∥∥∥
C
α,α
0T ([0,T]τ,L2h)

+
∥∥∥{uk}

N−1
k=1

∥∥∥
C
α,α
0T ([0,T]τ,W2

2h)
+

∥∥∥ph
∥∥∥

L2h

≤M3(δ)
[

1
α(1 − α)

∥∥∥∥{ f h
k

}N

1

∥∥∥∥
C
α,α
0T ([0,T]τ,L2h)

+
∥∥∥ϕh

∥∥∥
W2

2h
+

∥∥∥ψh
∥∥∥

W2
2h

+
∥∥∥ξh

∥∥∥
W2

2h

]
,

where M3(δ) does not depend on τ, α, ϕh, ψh, ξh, and
{

f h
k

}N−1

k=1
, 1 ≤ k ≤ N − 1.
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Proofs of Theorems 2.1 - 2.3 are based on the symmetry property of operator Ax defined by (2.1) and on the
following formulas:

uh
k(x) = (I − R2N)−1[(

(
Rk
− R2N−k

)
vh

0(x) +
(
RN−k

− RN+k
)

vh
N(x))

−

(
RN−k

− RN+k
)

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ]

+(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
R|k−i|

− Rk+i
)
θh

i (x)τ + ϕh(x) − vh
0(x),

ph(x) = Ax
hϕ

h(x) − Ax
hvh

0(x), vh
N(x) = vh

0(x) + ψh(x) − ϕh(x),

vh
0(x) = (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)G1

(
RN−l+1

− RN+l−1
)

(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ + G1(I − R2N)(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
R|l−1−i|

− Rl−1+i
)
θh

i (x)τ + (1 −
1
2

(
λ
τ
− l)2)G1

×

(
RN−l−1

− RN+l+1
)

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ

+G1(I − R2N)(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
R|l+1−i|

− Rl+1+i
)
θh

i (x)τ

+(−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)G1

(
RN−l−1

− RN+l+1
)

(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ + G1(I − R2N)(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
R|l+1−i|

− Rl+1+i
)
θh

i (x)τ + G1(I − R2N)
(
ϕh(x) − ξh(x)

)
+G1((

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)

(
RN−l+1

− RN+l−1
)

+ (1 −
1
2

(
λ
τ
− l)2)

×

(
RN−l−1

− RN+l+1
)

+ (−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)

(
RN−l−1

− RN+l+1
)
)(ψh(x) − ϕh(x)),

for difference scheme (2.6),

vh
0(x) = (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)G2

(
RN−l+2

− RN+l−2
)

(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ + G2(I − R2N)(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
R|l−2−i|

− Rl−2+i
)
θh

i (x)τ
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+(−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)G2

(
RN−l+1

− RN+l−1
)

×(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ + G2(I − R2N)(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
R|l−1−i|

− Rl−1+i
)
θh

i (x)τ + (1 − (
λ
τ
− l)2)G2

×

(
RN−l

− RN+l
)

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ

+G2(I − R2N)(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
R|l−i|

− Rl+i
)
θh

i (x)τ

+(
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)G2

(
RN−l−1

− RN+l+1
)

×(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ + G2(I − R2N)(I + τB)

×(2I + τB)−1B−1
N−1∑
i=1

(
R|l+1−i|

− Rl+1+i
)
θh

i (x)τ + (−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)

×G2

(
RN−l−2

− RN+l+2
)

(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
RN−i

− RN+i
)
θh

i (x)τ

+G2(I − R2N)(I + τB)(2I + τB)−1B−1
N−1∑
i=1

(
R|l+2−i|

− Rl+2+i
)
θh

i (x)τ

+G2(I − R2N)
(
ϕh(x) − ξh(x)

)
+ G2((

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)

(
RN−l−2

− RN+l+2
)

+(−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)

(
RN−l+1

− RN+l−1
)

+(1 − (
λ
τ
− l)2)

(
RN−l

− RN+l
)

+ (
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)

×

(
RN−l−1

− RN+l+1
)

+ (−
1

12
(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)

(
RN−l−2

− RN+l+2
)
)(ψh(x) − ϕh(x)),

for difference scheme (2.7) and on the following theorem on the coercivity inequality for the solution of the
elliptic difference problem in L2h.

Theorem 2.4. ([29]). For the solution of the elliptic difference problemAx
huh(x) = ωh(x), x ∈ Ω̃h,

Dhuh(x) = 0, x ∈ Sh,

the following coercivity inequality holds :

n∑
q=1

∥∥∥(uh
k)xqxq, jq

∥∥∥
L2h
≤M||ωh

||L2h ,

where M does not depend on h and ωh.
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3. Numerical Results

For the numerical result, we consider the inverse problem
−
∂2u(t,x)
∂t2 −

∂
∂x

(
∂u(t,x)
∂x

)
+ u(t, x) = f (t, x) + p(x),

f (t, x) =
(
exp (−t) + 2t

)
cos(x), 0 < x < π, 0 < t < T,

u(0, x) = 2 cos(x),u(T, x) =
(
exp (−T) + T + 1

)
cos(x),

u(λ, x) =
(
exp (−λ) + λ + 1

)
cos(x), 0 ≤ x ≤ π,

ux(t, 0) = ux(t, π) = 0, 0 ≤ t ≤ T (T = 1, λ = 4
7 T).

(3.1)

for the two dimensional elliptic equation. It is clear that u(t, x) =
(
exp (−t) + t + 1

)
cos(x) and p(x) = 2 cos(x)

are the exact solutions of (3.1).
We represent u(t, x) by formula u(t, x) = v(t, x) + w(t, x), where v(t, x) is the solution of the nonlocal

boundary value problem
−

d2v(t,x)
dt2 −

∂
∂x

(
∂v(t,x)
∂x

)
+ v(t, x) = f (t, x), 0 < x < π, 0 < t < T,

v(0, x) − v(λ, x) =
(
1 − exp (−λ) − λ

)
cos(x), 0 ≤ x ≤ π,

v(T, x) − v(λ, x) =
(
exp (−T) − exp (−λ) + T − λ

)
cos(x), 0 ≤ x ≤ π,

vx(t, 0) = vx(t, π) = 0, 0 ≤ t ≤ T,

(3.2)

and w(t, x) is the solution of the boundary value problem
−

d2w(t,x)
dt2 −

∂
∂x

(
∂w(t,x)
∂x

)
+ w(t, x) = p(x), 0 < x < π, 0 < t < T,

w(0, x) =
(
exp (−λ) + λ + 1

)
cos(x) − v(λ, x), 0 ≤ x ≤ π,

w(T, x) =
(
exp (−λ) + λ + 1

)
cos(x) − v(λ, x), 0 ≤ x ≤ π,

wx(t, 0) = wx(t, π) = 0, 0 ≤ t ≤ T.

(3.3)

Introduce small parameters τ and h such that Nτ = T,Mh = π. For approximate solution of nonlocal
boundary value problem (3.2), consider the set [0,T]τ × [0, π]hof a family of grid points

[0,T]τ × [0, π]h = {(tk, xn) : tk = kτ, k = 1, · · · ,N − 1, xn = nh, n = 1, · · · ,M − 1}.

Applying (3.4) and the following formulas for approximation of sufficiently smooth function ρ :

ρ(xn+1) − ρ(xn−1)
2h

− ρ′(xn) = O(h2),
ρ(xn+1) − 2ρ(xn) + ρ(xn−1)

h2 − ρ′′(xn) = O(h2), (3.4)

10ρ(0) − 15ρ(h) + 6ρ(2h) − ρ(3h)
h3 − ρ′′′(0) = O(h2),

−3ρ(0) + 4ρ(h) − ρ(2h)
2h

− ρ′(0) = O(h2),

10ρ(π) − 15ρ(π − h) + 6ρ(π − 2h) − ρ(π − 3h)
h3 − ρ′′′(π) = O(h2),

−3ρ(π) + 4ρ(π − h) − ρ(π − 2h)
2h

− ρ′(π) = O(h2),

we get, respectively,

−
vk+1

n − 2vk
n + vk−1

n

τ2 −
vk

n+1 − 2vk
n + vk

n−1

h2 + vk
n (3.5)

−
τ2

12

− 1
h2

−vk
n+2 − 2vk

n+1 + vk
n

h2 + vk
n+1

 +
2
h2

−vk
n+1 − 2vk

n + vk
n−1

h2 + vk
n





Ch. Ashyralyyev / Filomat 28:5 (2014), 947–962 955

−
1
h2

vk
n − 2vk

n−1 + vk
n−2

h2 + vk
n−1

 − vk
n+1 − 2vk

n + vk
n−1

h2 + vk
n


= (exp(−tk) + 2tk) cos(xn) +

τ2

12
(exp(−tk) + 4tk) cos(xn)),

k = 1, · · · ,N − 1, n = 2, · · · ,M − 2,

−3vk
0 + 4vk

1 − vk
2 = 0,−3vk

M + 4vk
M−1 − vk

M−2 = 0,

10vk
0 − 15vk

1 + 6vk
2 − vk

3 = 10vk
M − 15vk

M−1 + 6vk
M−2 − vk

M−3 = 0, k = 0, · · · ,N,

v0
n − (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl−1

n − (1 −
1
2

(
λ
τ
− l)2)vl

n

−(−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl+1

n = (1 − exp(−λ) − λ) cos(xn),n = 0, · · · ,M,

vN
n − (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl−1

n − (1 −
1
2

(
λ
τ
− l)2)vl

n − (−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl+1

n

= (exp (−tN) − exp(−λ) + tN − λ) cos(xn),n = 0, · · · ,M,

the third order of accuracy in t and second order accuracy in x for the approximate solution of the nonlocal
boundary value problem (3.2), and

−
wk+1

n − 2wk
n + wk−1

n

τ2 −
wk

n+1 − 2wk
n + wk

n−1

h2 + wk
n (3.6)

−
τ2

12

− 1
h2

−wk
n+2 − 2wk

n+1 + wk
n

h2 + wk
n+1

 +
2
h2

−wk
n+1 − 2wk

n + wk
n−1

h2 + wk
n


−

1
h2

wk
n − 2wk

n−1 + wk
n−2

h2 + wk
n−1

 − wk
n+1 − 2wk

n + wk
n−1

h2 + wk
n


= p(xn) +

τ2

6
p(xn), k = 1, · · · ,N − 1, n = 2, · · · ,M − 2,

−3wk
0 + 4wk

1 − wk
2 = −3wk

M + 4wk
M−1 − wk

M−2 = 0,

10wk
0 − 15wk

1 + 6wk
2 − wk

3 = 10wk
M − 15wk

M−1 + 6wk
M−2 − wk

M−3 = 0, k = 0, · · · ,N,

w0
n = (exp(−λ) + λ + 1) cos(xn) − (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl−1

n

−(1 −
1
2

(
λ
τ
− l)2)vl

n − (−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl+1

n ,n = 0, · · · ,M,

wN
n = (exp(−λ) + λ + 1) cos(xn) − (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl−1

n

−(1 −
1
2

(
λ
τ
− l)2)vl

n − (−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)vl+1

n ,n = 0, · · · ,M,

the third order of accuracy difference scheme for the approximate solution of the boundary value problem
(3.3).

By using (2.5) and second order of accuracy in x approximation of A, we get the following values of p
in grid points

pn = −

((
ϕn+1 − v0

n+1

)
− 2

(
ϕn − v0

n

)
+

(
ϕn−1 − v0

n−1

))
h2 (3.7)
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+
(
ϕn − v0

n

)
,n = 1, · · · ,M − 1.

We can rewrite difference scheme (3.5) in the matrix form

AVn+2 + BVn+1 + CVn + DVn−1 + EVn−2 = Iθn, n = 2, · · · ,M − 2, (3.8)

−3V0 + 4V1 − V2 = −3VM + 4VM−1 − VM−2 =
−→
0 ,

10V0 − 15V1 + 6V2 − V3 =
−→
0 , 10VM − 15VM−1 + 6VM−2 − VM−3 =

−→
0

Here, I is the (N + 1) × (N + 1) identity matrix, A, B, C,D,E are (N + 1) × (N + 1) square matrices, θn is
(N + 1) × 1 a column matrix which are defined by the following formulas

A = E =



0 0 0 0 · · · 0 0 0 0
0 a 0 0 · · · 0 0 0 0
0 0 a 0 · · · 0 0 0 0
0 0 0 a · · · 0 0 0 0
...

...
...

... · · ·
...

...
...

...
0 0 0 0 · · · a 0 0 0
0 0 0 0 · · · 0 a 0 0
0 0 0 0 · · · 0 0 a 0
0 0 0 0 · · · 0 0 0 0


(N+1)×(N+1)

, (3.9)

C =



1 0 0 0 · · · 0 y z q 0 · · · 0 0 0 0
r c r 0 · · · 0 0 0 0 0 · · · 0 0 0 0
0 r c r · · · 0 0 0 0 0 · · · 0 0 0 0
0 0 r c · · · 0 0 0 0 0 · · · 0 0 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · 0 0 0 0 0 · · · c r 0 0
0 0 0 0 · · · 0 0 0 0 0 · · · r c r 0
0 0 0 0 · · · 0 0 0 0 0 · · · 0 r c r
0 0 0 0 · · · 0 y z q 0 · · · 0 0 0 1


(N+1)×(N+1)

,

B = D =



0 0 0 0 · · · 0 0 0 0
0 b 0 0 · · · 0 0 0 0
0 0 b 0 · · · 0 0 0 0
0 0 0 b · · · 0 0 0 0
...

...
...

... · · ·
...

...
...

...
0 0 0 0 · · · b 0 0 0
0 0 0 0 · · · 0 b 0 0
0 0 0 0 · · · 0 0 b 0
0 0 0 0 · · · 0 0 0 0


(N+1)×(N+1)

, (3.10)

a =
τ2

12h4 , b = −
1
h2 −

τ2

3h4 −
τ2

6h2 , c = 1 +
2
τ2 +

2
h2 −

τ2

12

( 6
h4 +

4
h2 + 1

)
, r = −

1
τ2 ,

y = −(
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2), z = −(1 −

1
2

(
λ
τ
− l)2), q = −(−

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2),

θn =


θ0

n
...
θN

n

 , θk
n = (exp(−tk) + 2tk) cos(xn) +

τ2

12
(exp(−tk) + 4tk) cos(xn)),

k = 1, · · · ,N − 1, n = 1, · · · ,M − 1, θ0
n = (1 − exp(−λ) − λ) cos(xn),



Ch. Ashyralyyev / Filomat 28:5 (2014), 947–962 957

θN
n = (exp(−tN) − exp(−λ) + tN − λ) cos(xn),n = 1, · · · ,M − 1,

and

Vs =


v0

s
...

vN
s


(N+1)×1

, s = n − 1,n,n + 1.

For solving (3.8) we use modified Gauss elimination method ([30]). We seek solution of (3.8) by the formula

Vn = αnVn+1 + βnVn+2 + γn,n = M − 2, · · · , 0,

where αn, βn(n = 0, · · · ,M− 2) are (N + 1)× (N + 1) square matrices and γn (n = 0, · · · ,M− 2) are (N + 1)× 1
column matrices. For the solution of difference equation (3.8) we need to use the following formulas for
αn, βn, γn

Fn =
(
Cn + Dnαn−1 + Enβn−2 + Enαn−2αn−1

)
,n = 2, · · · ,M − 4.

αn = −F−1
n

(
Bn + Dnβn−1 + Enαn−2βn−1

)
, βn = −F−1

n An,

γn = −F−1
n

(
Rϕn −Dnγn−1 − Enαn−2γn−1 − Enγn−2

)
.

where

α0 =
4
3

I, β0 = −
1
3

I, α1 =
8
5

I, β1 = −
3
5

I, αM−2 = 4I, βM−2 = −3I,

αM−3 =
8
3

I, βM−3 = −
5
3

I,

and γ0, γ1, γM−2, γM−3 are the (N + 1) × 1 zero column vector. For calculation of VM and VM−1 we can get
formula

VM = (S11 − S12S−1
22 S21)−1(Q1 − S12S−1

22 Q2),VM−1 = S−1
22 (G2 − S21VM),

where

S11 = −3AM−2 − 8BM−2 − 8CM−2αM−3 − 3CM−2βM−3,

S12 = 4AM−2 + 9BM−2 + 9CM−2αM−3 + 4CM−2βM−3,

S21 = −3BM−1 − 8CM−1,S22 = AM−1 + 4BM−1 + 9CM−1,

Q1 = IθM−2 − CM−2γM−3,Q2 = IθM−1.

For difference scheme (3.6), we get the following matrix form:

AWn+2 + BWn+1 + CWn + DWn−1 + EWn−2 = Iηn, n = 2, · · · ,M − 2, (3.11)

−3W0 + 4W1 −W2 = −3WM + 4WM−1 −WM−2 =
−→
0 ,

10W0 − 15W1 + 6W2 −W3 =
−→
0 , 10WM − 15WM−1 + 6WM−2 −WM−3 =

−→
0 .

Here, A, B, D,E are (N + 1) × (N + 1) which are defined by (3.9),(3.10), and C is the following matrix

C =



1 0 0 0 · · · 0 0 0 0
r c r 0 · · · 0 0 0 0
0 r c r · · · 0 0 0 0
0 0 r c · · · 0 0 0 0
...

...
...

... · · ·
...

...
...

...
0 0 0 0 · · · c r 0 0
0 0 0 0 · · · r c r 0
0 0 0 0 · · · 0 r c r
0 0 0 0 · · · 0 0 0 1


(N+1)×(N+1)

, (3.12)
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ηn =


η0

n
...
ηN

n

 ,
η0

n = (exp(−tl) + tl + 1) cos(xn) − (
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)Vl−1

n − (1 −
1
2

(
λ
τ
− l)2)Vl

n

(−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)Vl+1

n ,n = 0, · · · ,M,

ηN
n = (exp(−tl) + tl + 1) cos(xn) − (

1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)Vl−1

n

−(1 −
1
2

(
λ
τ
− l)2)Vl

n − (−
1
2

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2)Vl+1

n

ηk
n = p(xn) +

τ2

6
p(xn), k = 1, · · · ,N − 1, n = 1, · · · ,M − 1,

Ws =


w0

s
...

wN
s


(N+1)×1

, s = n − 1,n,n + 1.

Second, we return again to the inverse problem (3.1). Applying (3.4) and fourth order approximation in t,
we get, respectively,

−
vk+1

n − 2vk
n + vk−1

n

τ2 −
vk

n+1 − 2vk
n + vk

n−1

h2 + vk
n (3.13)

−
τ2

12

− 1
h2

−vk
n+2 − 2vk

n+1 + vk
n

h2 + vk
n+1

 +
2
h2

−vk
n+1 − 2vk

n + vk
n−1

h2 + vk
n


−

1
h2

vk
n − 2vk

n−1 + vk
n−2

h2 + vk
n−1

 − vk
n+1 − 2vk

n + vk
n−1

h2 + vk
n


= (exp(−tk) + 2tk) sin(xn) +

τ2

12
(exp(−tk) + 4tk) sin(xn)),

k = 1, · · · ,N − 1, n = 2, · · · ,M − 2,

−3vk
0 + 4vk

1 − vk
2 = −3vk

M + 4vk
M−1 − vk

M−2 = 0,

10vk
0 − 15vk

1 + 6vk
2 − vk

3 = 10vk
M − 15vk

M−1 + 6vk
M−2 − vk

M−3 = 0, k = 0, · · · ,N,

v0
n − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)vl−2

n − (−
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)vl−1

n

−(1 − (
λ
τ
− l)2)vl

n − (
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)vl+1

n

−(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)vl+2

n = (1 − exp(−λ) − λ) sin(xn),n = 0, · · · ,M,

vN
n − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)vl−2

n − (−
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)vl−1

n

−(1 − (
λ
τ
− l)2)vl

n − (
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)vl+1

n
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−(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)vl+2

n = (exp (−tN) − exp(−λ) + tN − λ) sin(xn),n = 0, · · · ,M

the fourth order of accuracy in t and second order accuracy in x difference scheme for the approximate
solution of the nonlocal boundary value problem (3.2), and

−
wk+1

n − 2wk
n + vk−1

n

τ2 −
wk

n+1 − 2wk
n + wk

n−1

h2 + wk
n (3.14)

−
τ2

12

− 1
h2

−wk
n+2 − 2wk

n+1 + wk
n

h2 + wk
n+1

 − (−
1

12
(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)vl+2

n

+
2
h2

−wk
n+1 − 2wk

n + wk
n−1

h2 + wk
n

 − 1
h2

wk
n − 2wk

n−1 + wk
n−2

h2 + wk
n−1


−

wk
n+1 − 2wk

n + wk
n−1

h2 + wk
n

 = p(xn) +
τ2

6
p(xn),

−(
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)vl+1

n , k = 1, · · · ,N − 1, n = 2, · · · ,M − 2,

−3wk
0 + 4wk

1 − wk
2 = −3wk

M + 4wk
M−1 − wk

M−2 = 0,

10wk
0 − 15wk

1 + 6wk
2 − wk

3 = 10wk
M − 15wk

M−1 + 6wk
M−2 − wk

M−3 = 0, k = 0, · · · ,N, t

w0
n = (exp(−λ) + λ + 1) cos(xn) − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)vl−2

n − (−
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

+
1
6

(
λ
τ
− l)3)vl−1

n − (1 − (
λ
τ
− l)2)vl

n − (
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)vl+1

n

−(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)vl+2

n ,

wN
n = (exp(−λ) + λ + 1) cos(xn) − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)vl−2

n − (−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

+
1
6

(
λ
τ
− l)3)vl−1

n − (1 − (
λ
τ
− l)2)vl

n − (
8

12
(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)vl+1

n

−(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)vl+2

n .

the fourth order of accuracy in t and second order accuracy in x difference scheme for the approximate
solution of the boundary value problem (3.3).

For the difference scheme (3.13) we have again matrix form (3.8), where square matrices A, B,D,E are
defined by (3.9),(3.10) and C is the following matrix

C =



1 0 0 0 · · · 0 d e 1 y z 0 · · · 0 0 0 0
r c r 0 · · · 0 0 0 0 0 0 0 · · · 0 0 0 0
0 r c r · · · 0 0 0 0 0 0 0 · · · 0 0 0 0
0 0 r c · · · 0 0 0 0 0 0 0 · · · 0 0 0 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · 0 0 0 0 0 0 0 · · · c r 0 0
0 0 0 0 · · · 0 0 0 0 0 0 0 · · · r c r 0
0 0 0 0 · · · 0 0 0 0 0 0 0 · · · 0 r c r
0 0 0 0 · · · 0 d e 1 y z 0 · · · 0 0 0 1


(N+1)×(N+1)

.
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Here

d = −(
1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3, e = −(−

8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3),

1 = −(1 − (
λ
τ
− l)2), y = −(

8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3),

z = −(−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3).

Difference scheme (3.13) can be rewritten in matrix form (3.11), where A, B,D,E are defined by (3.9),(3.10),
C is defined by (3.12) and ηn is defined by formulas

ηn =


η0

n
...
ηN

n

 ,n = 0, · · · ,M,

η0
n = (exp (−λ) + λ + 1) cos(xn) − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)vl−2

n

−(−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2 +

1
6

(
λ
τ
− l)3)Vl−1

n − (1 − (
λ
τ
− l)2)Vl

n

−(
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2

−
1
6

(
λ
τ
− l)3)Vl+1

n − (−
1
12

(
λ
τ
− l) +

1
12

(
λ
τ
− l)3)Vl+2

n ,

ηN
n = (exp (−λ) + λ + 1) cos(xn) − (

1
12

(
λ
τ
− l) −

1
12

(
λ
τ
− l)3)Vl−2

n − (−
8
12

(
λ
τ
− l) +

1
2

(
λ
τ
− l)2,

ηk
n = p(xn) +

τ2

6
p(xn), k = 1, · · · ,N − 1, n = 1, · · · ,M − 1,

Now we give the results of the numerical analysis using by MATLAB programs. The numerical solutions
are recorded for different values of N and M. vk

n represents the numerical solution of difference scheme
for nonlocal boundary value problem (3.2) at (tk, xn) and uk

n represents the numerical solution u of inverse
problem (3.1) at the same point and pn represents the numerical solution p of inverse problem at xn. For
their comparison, the error computed by

EvN
M = max

1≤k≤N−1
(
M−1∑
n=1

∣∣∣v(tk, xn) − vk
n

∣∣∣2 h)
1
2

EuN
M = max

1≤k≤N−1
(
M−1∑
n=1

∣∣∣u(tk, xn) − uk
n

∣∣∣2 h)
1
2 ,EpM = (

M−1∑
n=1

∣∣∣p(xn) − pn

∣∣∣2 h)
1
2 .

Tables 1-3 contain the numerical results for N = 6,M = 108; N = 10,M = 300. Hence, third and fourth order
of accuracy difference schemes are more accurate comparing with the second order of accuracy difference
schemes (ADS). Table1 gives the error between the exact solution and solutions derived by difference
schemes for nonlocal problem. Table 2 presents error between the exact p solution and approximate p
derived by difference schemes. Table 3 includes the error between the exact u solution and solutions
derived by difference schemes.

Table 1. Error EvN
M

Difference Schemes for v N=6,M=108 N=10,M=300
Second order ADS 0.013152 0.0039816
Third order ADS 0.0011632 2.28×10−4

Fourth order ADS 1.45×10−4 1.04×10−5
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Table 2. Error EpM

Calculation of p N=6,M=108 N=10,M=300
Second order ADS 0.025951 0.0079236
Third order ADS 0.0022861 4.53×10−4

Fourth order ADS 8.73×10−4 1.20×10−4

Table 3. Error EuN
M

Difference Schemes for u N=6,M=108 N=10,M=300
Second order ADS 0.0025445 7.55×10−4

Third order ADS 1.39×10−4 3.76×10−5

Fourth order ADS 9.95×10−5 9.63×10−6

4. Conclusion

In this paper, inverse problem for the multidimensional elliptic equation with Dirichlet-Neumann
conditions is considered. The third and fourth orders of accuracy difference schemes for approximate
solutions of this problem are presented. Theorems on the stability, almost coercive stability and coercive
stability estimates for the solutions of difference schemes for multidimensional elliptic equation are proved.
Numerical results in a two dimensional case are given. As it can be seen from Tables 1-3, the third and
fourth orders of accuracy difference schemes are more accurate comparing with the second order of accuracy
difference scheme.
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